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ASYMPTOTIC UNCONDITIONALITY
S. R. COWELL AND N. J. KALTON

ABSTRACT. We show that a separable real Banach space embeds almost
isometrically in a space Y with a shrinking 1-unconditional basis if and
only if lim, . [|2* + )| = lim,—o ||2* — x| whenever z* € X*,

(%)%, is a weak*-null sequence and both limits exist. If X is reflexive

then Y can be assumed reflexive. These results provide the isometric
counterparts of recent work of Johnson and Zheng.

1. INTRODUCTION

In this paper we consider only real Banach spaces. Recently, Johnson and
Zheng [10] gave an intrinsic characterization of separable Banach spaces
which embed isomorphically into a reflexive Banach space with uncondi-
tional basis. Precisely a separable reflexive Banach space X embeds into
a (reflexive) Banach space with unconditional basis if and only if X has
the unconditional tree property (UTP), i.e. for some C, every weakly null
tree has a C-unconditional branch. The use of tree properties to describe
subspaces of certain Banach spaces is a recent development in Banach space
theory which originates in [13] and was later developed in [20].

The results of [I3] and [20] are both, in a certain sense, isomorphic
versions of earlier isometric results from [15]. In the latter paper, for
1 < p < o0, it is shown that if X is a separable Banach space containing
no copy of ¢;, then X (14 §)—embeds in an £,—sum of finite-dimensional
spaces for every 0 > 0 if and only if

T (o + o = [l2]” =l ") = 0

whenever z € X and (z,)22, is a weakly null sequence. Similarly, again
assuming X is separable and contains no copy of ¢1, X (14 ¢)—embeds into
o for every 9 > 0 if and only if

Tim ([ + || = max({|2]], [|zn]])) = 0

whenever z € X and (z,)%2, is weakly null.

In [13] it was shown that a separable Banach space X, containing no copy
of ¢1, embeds isomorphically into ¢ if and only if every weakly null tree has
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a co-branch; the corresponding result for 1 < p < oo was given in [20] where
it was shown that a reflexive Banach space X embeds isomorphically into an
¢,—sum of finite-dimensional spaces if and only if every weakly null tree has
an {,-branch. We remark that in [13] the proof of the isomorphic result was
given by renorming and reducing to a situation very similar to the isometric
result.

The aim of this paper is to prove an isometric analogue of the Johnson-
Zheng theorem. We say that a separable Banach space X has property
(au) if given any z € X and § > 0 there is a closed subspace F' of finite
codimension such that

lz—yl <A +d)llz+yll, yeF
This could be restated as

tin (2 + 24| = [l2 = za]}) = 0

whenever x € X and (z4)4ep is a bounded weakly null net. If X has
separable dual we may replace nets by sequences in this definition. There is
also a natural dual notion; a separable Banach space X has property (au*)
if given any z* € X* and ¢ > 0 there is a weak™ closed subspace F' of finite
codimension in X™* such that

" =y < (X + )" +y*ll, v el
This is equivalent to

Jim (o + o] — fla* —a3) = 0

whenever z* € X* and (27))52; is a weak® null sequence in X*. Both these
concepts already exist in the literature under different names (see [24] and
[16]). It is easy to show that (au*) implies (au) (Proposition 2.3 below) but
the converse is false (take X = ¢;).

Our main result (Theorem [.2)) is that a separable Banach space X has
property (au®) if and only if for every § > 0 there is a Banach space
Y with a shrinking 1-unconditional basis and a subspace X5 of Y with
d(X, Xs5) < 1+49; Y may be assumed reflexive when X is reflexive. A spe-
cial case of this theorem was already implicit in the literature. Recall that
a separable Banach space X has the unconditional metric approximation
property (UMAP) [4] if there is a sequence of finite rank operators such
that lim, o Tz = o for x € X and lim, . ||[I — 27,|| = 1; if addition-
ally lim, o Tiz* = a* for * € X* we say that X has shrinking (UMAP).
Lima [16] showed that if X is a separable Banach space with property (au*)
and such that X* has the approximation property then X has (shrink-
ing) (UMAP). In [6] (Corollary IV.4) it is shown that if X has shrinking
(UMAP) then X can be (1 + §)—embedded in a space with a shrinking
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l-unconditional basis; unfortunately the proof of this result is inaccurate
(as Haskell Rosenthal has pointed out to us) and we give a corrected proof
below (contained in Proposition B.3]). Thus the novelty in Theorem is
the removal of the approximation property hypothesis. Let us also remark
at this point that Johnson and Zheng [11] have informed us that they have
extended the methods of [I0] to show that a separable Banach space X
with separable dual embeds isomorphically into a space with a shrinking
unconditional basis if and only if X* has the weak*-(UTP). This provides a
complete isomorphic analogue of Theorem (4.2l

If X is reflexive (au) is equivalent to (au*) and so Theorem (4.2 could be
restated using property (au). We conjecture that if X contains no copy of ¢,
then (au) and (au*) are equivalent. We are not quite able to prove this, but
we do prove a result very close to it. We say that a separable Banach space
has property (WABS) (weak alternating Banach-Saks property) if given any
bounded sequence (x,,)%2; we can find a sequence of convex blocks (y,)2,
such that

. I oy
"h—’rgo r1<rszl<1p--<rn || n ;( 1) yr] || 0

This condition is implied by reflexivity or the Alternating Banach-Saks
property. Then X has property (au*) if and only if X has property (au) and
(WABS). The example of the James space [9] shows then there is a space
with separable dual and (UTP) which has no equivalent renorming to have
property (au).

Acknowledgements. We would like to thank Gilles Godefroy, Vegard
Lima and Lova Randrianarivony for some helpful comments.

2. ASYMPTOTIC UNCONDITIONALITY

Let X be a separable Banach space. we will say that X is asymptotically
unconditional (au) if given any x € X and 6 > 0 there is a closed finite
co-dimensional subspace W of X such that

|z —wl|| < (1+0)||z+w|, weW.
An alternative formulation of this condition is that
tm (1 + g — [z — ) = 0
whenever z € X and (ug4)4ep is a bounded weakly null net.
We shall say that X is sequentially asymptotically unconditional (w-au)
if
Tim (4 | = [l = s = 0
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whenever x € X and (u,)32, is weakly null sequence. This condition has

already been considered by Sims [24] under the acronym WORTH. Note
that if X* is separable then the weak topology is metrizable on bounded
sets and so X is (w-au) if and only if X is (au).

We shall say that X is *~asymptotically unconditional (au*) if

lim ([l2" + a7, [| = [|l2" — a7 ]) = 0
n—oo

whenever z* € X* and (x})r°, is a weak*-null sequence in X*. This con-

dition has been considered under the name (wM*) by Lima [16]; later Oja
[21] considered a family of more general conditions. Since X is assumed
separable, the weak*-topology on bounded sets is metrizable, and so X* is
*_asymptotically unconditional if and only if either given any z* € X* and
€ > 0 there is a weak*-closed finite co-dimensional subspace W of X* such
that
2" —w| < (X +e)lz" +w,  w'eW,
or, alternatively,
m(fl2” +ugl| — [lo* — ug[) =0

whenever z* € X and (u})4ep is a bounded weak*-null net.
We first state a very simple principle based on compactness that will be
used frequently:

Lemma 2.1. (i) Let X be a separable Banach space with property (au).
Then given any finite-dimensional subspace E of X and & > 0 there is a
closed finite codimensional subspace F' of X such that

le=fll<@+d)le+fl, eck fekF

(i1) Let X be a separable Banach space with property (au*). Then given any
finite-dimensional subspace E of X* and § > 0 there is a weak*-closed finite
codimensional subspace F of X* such that

le" = [l <@+ o)lle”+ [, e ek ffekF.

The following result is a consequence of [16] Proposition 4.1, but we give
an independent proof.

Proposition 2.2. If X is a separable Banach space with (au*) then X* has
no proper norming subspace and hence 1s separable.

Proof. Let M be a norming subspace of X*. If M # X* then there exists
z* € X* with ||z*]| = 1 and d(z*, M) = d > 1/2. Let (z}) be a sequence in
Bx+ N M which weak*-converges to x*. Then

1> lim ||z}|| = lim ||z* + (z), — 2")|| = lim ||22" — 2} || > 2d > 1.
n—oo n—oo n—oo

This contradiction gives the result. O
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Proposition 2.3. Suppose X s a separable Banach space. Then
(a) If X has (au™) then X has (au).
(b) If X is reflexive then X has (au®) if and only if X has (au).

Proof. (a): It is enough to show that if x € X and (ug)gep is a bounded
weakly null net with

li =1 lim ||z — ug| =
limllz +ugl =1, limflz —uql =6

then # > 1. To do this we may by the Hahn-Banach theorem pick (x%)4ep
with a(z + ug) = ||z + ugl| and ||z}|| = 1. We may then pass to a subnet

and assume that (z)4ep is weak*-convergent to some z*. Let 2}y = z* + u}.
Then

1= lim(a"(2) + 2 (ua) + ujl) + ui(ua))
= Cl{gg(x (2) — 2™ (ua) — uy(x) + uy(uq))
< limsup ||z* — u}| ||z — wal|
deD

=0.

This proves (a).
(b) is a trivial deduction from (a). O

Proposition 2.4. (i) If X is a Banach space with a shrinking 1-unconditional
UFDD then X has (au™®).

(i1) If Y is a separable Banach space with (au*®) then any subspace or quo-
tient X of Y also has (au*™).

Proof. (i) is clear, as is (ii) for quotients. Consider the case when X is a
subspace of Y. Suppose z* € X* and (u) is a weak® null sequence in X*
such that lim, . ||[z* + «}|| = 1 but lim, . ||[z" — || =1+ > 1. Let

y: € Y* be extensions to Y with ||y}|| = ||x*+u}||. Passing to a subsequence
we can suppose () converges weak® to y*. Then lim, . ||2y* — y|| = 1.
However (2y* — y%)|x = 2* — u} and we have a contradiction. O

Remark. Note that property (au) does not pass to quotients since every
separable Banach space is a quotient of /7.
We close this section with a simple Lemma, which will be useful later.

Lemma 2.5. (i) Let X be a separable Banach space with property (au), and
suppose that (x,)0°, is a weakly null sequence which is not norm convergent
to 0. Then, given 6 > 0, there is a subsequence (y,)3>, of (x,)0, such that
the sequence (y,)o>, is (1 + §)—unconditional.

(i1) Let X be a separable Banach space with property (au*), and suppose

that (x5)2° | is a weak*-null sequence in X* which is not norm convergent
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to 0. Then, given § > 0, there is a subsequence (y})>2, of (z3)°, such that
the sequence (y})>2 , is (1 + §)—unconditional.

Proof. The proofs of these statements are essentially identical so we prove
only (i).

We may suppose, by passing to a subsequence, that (z,)5°, is basic (see
e.g. [I] Theorem 1.5.2). Let K be the basis constant for the sequence
()52, and assume that 0 < ¢ < ||zx|| < C < oo for all k.

Choose (6,)22, to be a decreasing sequence of positive numbers so that
[152,(1+0;) < 146. We will construct a subsequence (y,);2; and a sequence
(F,)22, of closed finite-codimensional subspaces inductively.

Let y; = oy and F; = X. If y1,...,y,—1 and F},..., F,_; have been
chosen then we may choose a closed subspace F), of finite codimension so
that if w € [y;]7={ and z € F, then

lw — 2]l < (1+ 300)[w + 2.

Let Q; : X — X/F} denote the quotient map for 1 < j <n.If y,_1 =z,
we may pick ¥, = Ty, With m,; > m, so that

201116
< E—" 1<j<n
IQunll < = <j<n
Now suppose w = Z;:ll a;y; and z = Zj\f:n ajy; where ||w + z|| = 1.

Then we have

N 00
1Qn2ll = 1) a;Quysll < 2K || Quysll < 64/5.

j=n j=n
Hence there exists 2z’ € F,, such that ||z — 2| < 6,,/4 and thus
|w—z| < fJlw—=2"|| + 00 < (14 36,)[|lw + 2| + 36, < 1+6.

Thus we have the inequality

n—1 N N
(2.1) 1Y iy = aull < 1+ a;ll.
j=1 j=n j=1
Then we claim that if ¢; = £1 with ¢; = 1 for j < k& we have
(2.2) 1Y Gagyill < TTA+6)1D - azull-
j=1 j=k j=1

This is proved for fixed n by backwards induction on k. Indeed for k = n
it follows from (2.1]). If it is proved for k + 1 we simply note that when
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€, = —1 but ¢; =1 for j <k,
n k n [e%S) n
1D oyl < W+l ami— D gayill < [+ a0
=1 =1 j=k+1 =k =1

O

3. EMBEDDING IN A SPACE WITH UNCONDITIONAL BASIS

Let Y be a space with an (FDD) (Q;)32; and let X be a subspace of
Y. Then we will say that X satisfies the density condition with respect to
(Qj)32, if there is a dense subset D of X such that if x € D we have

T = Z Qjx
j=1

for some n = n(x) € N. The following Lemma is similar to Lemma 2.1 in
[7].

Lemma 3.1. Let Y be a space with an (FDD) (Q;)52, and let X be a
subspace of Y. Then given & > 0 there exists an automorphism T :Y — Y

so that || T — [|| < 6 and X satisfies the density condition with respect to the
FDD (TQ;T~")32,.

Proof. We first prove the following claim:

Claim: Suppose (Q};)%2, is any (FDD) of Y and x € Y. Then given n € N
and v > 0 there exists an automorphism S :' Y — Y, with ||S — I|| < v,
such that SQ}S‘I(Y) = Q5(Y) for 1 < j <n and for some m > n we have
NS SQESTH(Y).

Proof of the claim: Let K be the FDD-constant of (Q})%2,. If Z;;l Qjr =
x we take m =n and S = I. If not we may choose m > n so that

III—ZQ zl| <w(2K)7| Z Q5|

j=n+1

Pick y* € Y with |[y* || =landy (Zj:n—i—l Qjz) = || Zj:n-l—l Qjz|. Then

let
Sy=y+]| Z Qjz|| " Z Qy)( x—ZQx

j=n+1 j=n+1
Then ||S —I|| < v. Also SQ = Q) if j =1,2...,ns0 that SQSTI(Y) =
Q;(Y). We also have S, Qjx = x. Hence S~'z = 37", Qjx and so
xr = Z;”’:l SQ;S_lx. This concludes the proof of the claim.
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We now turn to the Lemma. Now suppose v, > 0 are such that [[7Z, (1 +
vj) < 146. Let (2,)52; be a dense sequence in X. We inductively define
automorphisms S,, : Y — Y with ||S, — I|| < v, and a nondecreasing
sequence of integers (m,, ), such that if 7y = I and then T, = [[}_, S; we
have

T.Q; T, (Y) = Tha Qi T, (Y)

for 1 <7 <m,_1, and

T, = %TanTn‘lxn.

J=1

To do this pick my = 1, say and then proceed inductively using the previous
claim. If mg,...,m,_1 and Si,...,S,_1 have been chosen, we pick S,, by
the claim so that ||S, — I|| < vy, S,T 1Q; T, S (YY) = T, 1Q,; T, 1 (Y)
for 1 < 7 <m,_; and for suitable m,, > m,,_; we have

T, = %TanTn‘lxn.

j=1
The sequence (7)) converges in operator norm to an operator 7' where
1T -1 <I[2,(1+v,) —1<d. Clearly
TQ;T™' =T,Q;T,", 1<j<m,

so that for each n,
ro =Y TQ;T 'z,
j=1

O

Proposition 3.2. Let X be a separable Banach space containing no copy
of {1 (respectively a separable reflexive Banach space) which is isometrically
embedded in a Banach space Y with a 1-UFDD (Q;)32,. Suppose X satisfies
the density condition with respect to (Q;)32,. Then X can be isometrically
embedded into a Banach space Z (respectively a reflexive Banach space) with
a shrinking 1-UFDD (Q})52, with rank Q) < rank Q;.

If further X is A—complemented in Y then X is \—complemented in Z.

Proof. We assume, without loss of generality, that Q;(Y") = @Q;(X) for each
j. Let J: X — Y be an isometric embedding. Define on Y* the norm

[Ily7[[] = sup sup | YT Q.
j=1

n e;j==%
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Then [[|-[[| is weak*-lower semicontinuous and we can define a Banach space
(Z,]| - lz) continuously embedded in Y by

I2]lz = sup{ly™(2)[ = [[ly"[I] < 1}
By assumption Q;(Y) = @Q;(X) C Z. If we let Z be the closed linear
span of U52,Q;(Y) in Z then Z* can be identified with the completion of
Y - 11D-
Clearly (Q;)52, is a 1-UFDD for Z. We must check that (Q;)32, is shrink-
ing for Z. Indeed if not we can find a blocked sequence 2} € ZZN:’ N1 @i (Y7)

where Ng = 0 < N7 < Ny < --- which is equivalent to the canonical basis
(€)% of co. Choose €; = £1 so that

N
17 > @@zl =zl
i=N;j_1+1
If we let
N;
=T )L Qi
1=N;j_1+1

then there is a bounded linear operator T': ¢g — X* with T'e; = x7. Since
X contains no copy of ¢g this implies that ||27|| = [||2}|[| converges to zero,
contrary to assumption.

Also if € X then ||z||y = ||z||z so that X is isometrically embedded
in Z. Since a dense subset of X lies in the linear span of Q;(Y) it follows
that X C Z. Further since ||z]|z > ||z||y in general, if there is a projection
P:Y — X with ||P|| = A then ||P||z—x < A

Finally if X is reflexive we show that Z is reflexive. To do this it is neces-
sary to show that the UFDD of Z* given by (Q}(Z7))52, is also shrinking.

]:
Suppose not. Then we can find a blocked sequence 2} € ZZV:J Nyt QHY™)
where Ny = 0 < N7y < Ny < --- which is equivalent to the canonical ba-
sis (e;)72, of £1. Let A denote the Cantor set {—1,+1}" of all sequences
e = ()2, and consider the compact Hausdorff space 2 = A x By where
Bx has the weak topology. Let f; € C(2) be defined by

Nj
filew) = o, J'( D, @Qi).
i=Nj_1+1

Then (f;)52, is equivalent to the £;—basis and so there exists a probability
measure 1 on {2 and a Borel function ¢ € L;(p) so that

/fjgod,LLZl, j=1,2....
Q
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We argue that lim;_., f;(e,x) = 0 for every (e,x) € Q and this contradicts
the Dominated Convergence Theorem. Indeed
N;j
filea) =10 Y. aQiJz,z)
i=N;_1+1
Nj
< Z Qi J x| 7|2} |

i=Nj71+1

Z* — 0
since Y- €Q);Jx converges.

The proof of the next Proposition is standard.

Proposition 3.3. Let X be a separable Banach space. Then the following
conditions on X are equivalent:

(i) Given 6 > 0 there exists a Banach space Y with a 1-UFDD and a
subspace Xs of Y with d(X, Xs) < 1+ 0.

(i1) Given § > 0 there exists a Banach space Y with a 1-unconditional basis
and a subspace X5 of Y with d(X, X5) <1+ 0.

(11i) Given § > 0 there exists a Banach space Y containing X (isometrically)
and a sequence of finite-rank operators A, : X — 'Y such that

1Y Al <144, g==1, n=1,2...
j=1

and

o
:E:Zij, r e X.
j=1

Proof. (i) = (ii): it is essentially contained in [I7] Theorem 1.g.5 (p. 51)
that every Banach space with a 1-UFDD is (1+ §)-isomorphic to a subspace
of a space with a 1-unconditional basis; in [I7] the constants are not tracked,
but clearly the same argument would prove this more precise statement.

(ii) = (iii): this is clear.

(ili) = (i): we first note that by blocking the series > A; suitably (i.e.
replacing (A;)52, by A} = ijfﬁl A; for suitable Ny =0 < Ny < ---, we
can assume that for a dense set of z € X we have > 72 | [[A;z]| < co. We
define Z to be the space of all sequences (y;)32, with y; € A;(X) such that
Z;’il y; converges unconditionally in Y, under the norm

I(y5)5% 1l = sup sup | > el
j=1

n e;j==%
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This space has a 1-UFDD. X can be (1 + ¢)-embedded into Z via the map
v — (Ajz)52, (it suffices to note that Z is closed in the larger space of
weakly unconditionally Cauchy series with the same norm, and a dense
subset of X is mapped into Z by our assumptions). O

Combining Proposition [3.2] Proposition and Lemma [B.1] gives the
following result. Part (ii) is contained in Corollary IV.4 of [6] (where the
proof is inaccurate); as remarked in [I7] p.51 one cannot hope for (ii) to
hold with Y having an unconditional basis.

Proposition 3.4. Suppose X is a separable Banach space containing no
complemented copy of £1. Suppose, given & > 0 there exists a Banach space
Y containing X (isometrically) and a sequence of finite-rank operators A,,
X — Y such that

1) Al <144, g==1, n=1,2...
j=1

and
T = Z Ajx, x e X.
j=1

Then

(i) For any § > 0, there is a Banach space Z with a shrinking 1-unconditional
basis and a subspace Xs of Z such that d(X, Xs) < 1+ 9.

(i1) If X is reflexive then we may take Z reflexive in (1).

(111) If for every 6 > 0 we can take Y = X (i.e. X has (UMAP)) then
for any & > 0, there is a Banach space Z with a shrinking 1-UFDD and a
(14 6)—complemented subspace Xs of Z such that d(X, Xs) < 1+4.

() If X is reflexive then we may take Z reflexive in (iii).

4. THE MAIN RESULT

Lemma 4.1. Let Y be a Banach space and suppose X 1is a closed subspace
of Y. Denote by Q the quotient map Q : Y — Y/X. Suppose (B,)2, is a
uniformly bounded sequence of operators on'Y, such that

(4.1) Jim {|@By|lx—y/x =0
and
(4.2) limsup || B, || x—y < 1.

n—0o0
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Then given 6 > 0 there is an infinite subset Ml of N such that if ny < ny <
<y withn; € M for 1 < j <k then

||Bnan2 . Bnk||X—>Y <1+04.

Proof. We suppose ||B,|| < M for all n. We assume § < 1/2. It suffices to
prove this for M = N when ||@B,|| < v,/3 and || B,||x—y < 1+v,/3 where
(v,)22, is the decreasing positive sequence given by v, = (3M + 6)~"T14.
We will prove by induction on k that

(4.3) @By, - - Buyllx—v/x < vn
and
(4.4) 1Bus - Bullxoy < 1+ ..

Under these hypotheses the conclusion is obviously true for £ = 1. We
next assume it is true for k and prove it for products of length k41. Consider
m<my <---<my. Thenif S = B, ... B, we have

1QS][x—v/x <Vmt1,  [Sllxoy <14 v

Now if z € X with ||z|| <1 there exists 2’ € X so that

2" = Sz[| < Vi
and then

2] < 1+ 20yt
Now

B.,St = B2’ + B,,(Sz — ')
and so we have
1QBSz|| < 3vm(1 4 2Umi1) + M
< 2+ My < U,

and
| B S]] < (14 20m) (1 + 2Um41) + My
< 1+§Vm+(M+2)Vm+1:1+Vm
establishing both inductive hypotheses (4.3) and (4.4). O

Theorem 4.2. Let X be a separable Banach space. Then the following
conditions are equivalent:

(i) X has (au*).

(ii) For any § > 0 there is a Banach space Y with a shrinking 1-unconditional
basis and a subspace X5 of Y such that d(X, Xs) < 1+ 4.
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Proof. That (ii) = (i) follows from Proposition 2.4l We turn to the proof
of (i) = (ii).

By Proposition X* is separable. We start by using the result of
Zippin [27] that X can be embedded in a space Y with a shrinking basis
(we can assume the embedding is isometric). Let S, denote the partial sum
operators with respect to this basis, and let @ : Y — Y/X be the quotient
map. We also denote by J the inclusion J : X — Y.

We will prove the following Lemma:

Lemma 4.3. Given v > 0 and n € N there exists T' in the convex hull of
{Sk+ k> n} such that |QT || x—y/x <v and [ —=2T||x—y <1+ 1.

Proof of the Lemma. First we will argue that for every n € N there exists
m > n such that

(4.5) 7Sy +Smy" =yl < 17 (Shy"=Shy™+y ) +5vly’ll, v e Y™
If (@3] fails we may find a sequence (y7,)m>n such that ||y’ | = 1 and
17 (Shwm + Shym — ) > 11 (Sqm = St +wp)l + 57, m>mn.

We may pass to a subsequence M of {n+1,n+2, ...} so that lim,,ep y, = y*
weak* for some y* € Y*. Since S, is finite rank lim,epm |55 (v* — y75,)|| = 0.
Hence

lim inf([|.7°S5y" + I (g = )l = 17°S5y™ = T (Snyi — wi)lD) = 5.

m

Now (Sfyx, — yr)>_, is weak*-null in Y* since for y € Y,
(s St = Ui | = [{Smy — w5 y5) | < 1Smy =yl
Hence the sequence (J*(Skyrk, — yk))o_, is weak*null in X*. Thus we
have a contradiction to (au*) for X. This shows that (£3]) holds for some
m =m(n) > n.
Let us put R,, = Sy(n) — Sp. Thus we have
17T = 25) " | < 1T7(Spy™ + Sny™ = o) + ([ By’
< 17" = Sy + Spy)l + IRyl + svlly”l
<77yl + 201 =yl + 5wyl
Thus we have
(4.6) 1701 = 28,)"y" | < L+ g)lly*ll + 2l Ryl y e Y™
We next consider two sequences of finite-rank operators. First we consider
the sequence (QS,J)r, in K(X,Y/X). Note that if z* € (Y/X)* then
J*Q*z* = 0. Since lim,, . ||SEQ*2* — Q*z*|| = 0 (as the basis is shrinking)
we conclude that lim,, . ||J*SEQ*z*|| = 0. This implies [12] that (QS,.J)5,
is a weakly null sequence in £(X,Y/X).
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Next consider R, : co(Y) — Y defined by }én(yk)zozl = R,y,. Then
R: : Y* — ((Y*) is given by Rfy* = (0,...,0, R*y*,0,...) with the
non-zero entry in the nth slot. Since the basis of Y is shrinking we have
lim, o ||RXy*|| = 0 for y* € Y* and so also lim,_ ||[R:y*|| = 0. This
implies that (R,)%, is weakly null in K(co(Y),Y) again using [12].

Combining these statements with Mazur’s theorem for any n we can find
r>mnand (a;)j_,; with oy > 0and 3% . a; =1 such that

1Y @Sl <v, || )] ayRy] < iv.

Let T =S a;S;. Then |QTx—y/x = ||QTJ| < .

j=n+
Also if y* € Y™, using (4.0)),

1T =21yl < Y ayll (= 285)7y|

j=n+1
<+l +2 Y allRy|
j=n+1
= (L+3)ly I +211 D Ryl
j=n+1
By the selection of «; this implies that ||(I —2T")J|| = ||[{ —2T||x—y < 1+v.
This completes the proof of the Lemma. O

We now turn to the proof of the Theorem. Using Lemma and Lemma
4.1l we can find a sequence of convex combinations

N

iZNj,1+l

where Ng =0 < Ny < Ny < ---and «; > 0 are such that sz'vszj,lﬂ a; =1
for all 7 with the property that

(I = 2T,)(I = 2T,) ... (I — 2T )l x—y < 1+36

whenever n; < ny < --- < ny. Note that the (7})32, are a commuting
approximating sequence in Y and that 77}, = T if 7 > k.

Let A; = T; — Tj_y where T, = 0. We now repeat a calculation in [4]
Theorem 3.8 with a correction to a small misprint. Note that if ¢; = £1 we

have
n

n—1
EnTn H(I — Tn_j + 6n—j+1€n—an—j> = Z EjAj.
j=1

j=1
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(Here the index n — j + 1 replaces n — j — 1.) Since T,, = (I — (I — 2T,)),
it follows that

1) € Ajllx—y <1406
j=1
The result now follows by Proposition [3.4 O

Corollary 4.4. Let X be a reflexive Banach space. Then X has property
(au) if and only if for any 6 > 0 there is a reflexive Banach space Y with a
1-unconditional basis and a subspace Xs of Y such that d(X, Xs) < 1+ 9.

Proof. This follows from the Theorem and Propositions and 3.4 O

The next Corollary is due to Johnson and Zheng [I1] by a quite different
proof.

Corollary 4.5. Any quotient of a Banach space X with a shrinking uncon-
ditional basis is isomorphic to a subspace of a Banach space with a shrinking
unconditional basis.

Proof. X can be renormed to have (au*) and so this follows from Proposition

2.4 O

5. SKIPPED UNCONDITIONAL BASES

Let us say that a basic sequence (e;,)2_, (where 1 < N < c0) in a (finite or
infinite-dimensional) Banach space X is skipped A-unconditional if whenever
0=mg<m <---<my <oowithm; —m;_; >2forl <j<nand

mj—1

Y; € [eil,,)_, 11 then for any choice of signs (¢;)7_,,

1Y eyl <MD wsll
j=1 j=1

We shall say that (ex)32, is asymptotically skipped I1-unconditional if for
every A > 1 there exists n so that if © € [eg]f_; \ {0} then the basic
sequence {x,€,.1,€n12, ...} is skipped A—unconditional.

We will define a basis (fi)i_, of a finite-dimensional Banach space to
be dual skipped \-unconditional when the dual basis (ff)Y_, is skipped
A—unconditional. We will need the following simple Lemma:

j—1

Lemma 5.1. Let X be a Banach space with a basis (ex)y_, where 1 <
N < oco. Suppose 1 < my < mg < -+ < m, < N, and that for every
x € [e]2y the basic sequence {x, (ex)popm, 11} 15 skipped A—unconditional.
Suppose x*,y* € X*\ {0} are such that x* € [ef];2y, y*(e;) =0 for1 <j <



16 S. R. COWELL AND N. J. KALTON

. Then {z*, ¢’
zts lznear span.
In particular if (ey,)h_, is skipped A—unconditional then the finite sequence
{a* en,, .. en L y*} is a dual skipped A-unconditional basis of its linear
span.

Proof. Define a map T': X — R" by
Ty = (z%(x), e, (), ..., e, (2),y"(x))

and consider the quotient norm [[£|| = inf{||z|| : Tz = £} on R™. Then it is
easy to check that the canonical basis of R” is skipped A-unconditional and
its biorthogonal functionals are isometric to {z*,¢e;,,,... e, y*}. O

e >y} is a dual skipped A-unconditional basis of

maor 1 Em

Our next result concerns the unconditionality of the biorthogonal se-
quence (e;)72; in X*. If A is a finite subset of N we denote by ubc(e}) ea
the unconditional basis constant of (€})ea.

Lemma 5.2. Let X be a finite-dimensional Banach space with a skipped
1—unconditional basis (ex);~y". Suppose ubc(el; )M4' = p > 1. Then

ubc(e;)? > 14 2(u — 1),

Proof. By assumption there exist real numbers (a])N ! and signs (¢;

so that

)N—i—l
N+1

1D ajes;all =1
j=1

N+1

| Z ejajes; 1|l = p

Let E = [e;1]}7". Then we have

N+1

1Y azes; el <1
j=1

and so by the skipped unconditionality condition,

and

N+41
I Z ejajey; q|el < 1.
j=1
By the Hahn-Banach theorem there exists ((;)7_; such that

N+1

| Z €jQjey;_1 + ZBJ%] | <L



ASYMPTOTIC UNCONDITIONALITY 17

Thus
N+1 N
2[& <14 || Z 6jOéj€;j_1 - ﬁjesz
j=1 J=1
so that

ubc(ej)?ﬁf’l > 2 — 1.

O

Lemma 5.3. Suppose N € N. Let X be a Banach space of dimension 2~ +1

with a dual skipped 1—unconditional basis (fk)zifl Suppose ubc(fy, fon 1) =
> 1. Then

ube( f;)25F" > 14 2% (u - 1),

Proof. This is proved by induction on N. If N = 1 it is immediate from
Lemma Suppose now that the Lemma is proved for N — 1. Then
{f1, f3,- -, foni1} is a dual skipped 1—unconditional basis of its linear span
by Lemma 5.l By the inductive hypothesis

ube(fo;o1)2n, =142V (- 1),
Now applying Lemma [5.2] we have
ube(£)25 41 2 142V (0 — 1),
L]

Proposition 5.4. Let X be a Banach space containing no copy of 1 and
with a skipped unconditional basis (ex)7>,. Then:

(i) (ex)?, is shrinking, and

(i1) If X contains no copy of co then either X is reflexive or X is quasi-
reflexive of order one.

Proof. (i) Let (ug)%2; be any normalized block basic sequence with respect
to (ex)72 ;. Then (ug)52, (respectively (ugr—1)52 ;) is an unconditional basic
sequence and hence weakly null; thus (ug)g2, is weakly null. Hence (ex)52,
is shrinking.

(ii)) We may assume |legx|| = 1 for all k. Suppose ™ € X** is such that
limy,_, **(e}) = 0. Select a strictly increasing sequence (my)3>, (with
mo = 0) such that |2 (e, )| < 27% for k > 1. Then the series

0o my—1

Dol 2 e

k=1 i=mp_1+1

is a WUC series and hence convergent in X. On the other hand the series
> ey ¥ (eg, Jex is absolutely convergent and so 2** € X.
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Now suppose X is non-reflexive and z§* € X**\ X. Then lim infy, |2§*(e})| >
0. For any ™ € X** we may find A € R so that lim infy, |(2** —Az§")(ef)| = 0
and hence z** — Azy* € X. Thus dim X**/X = 1. O

Proposition 5.5. Let X be a Banach space containing no copy of 1 and
with a normalized asymptotically skipped 1-unconditional basis (ex)52,. Sup-
pose X fails to have property (au*). Then:

(1) No subsequence of (€)% is unconditional, and

(11) Every spreading model of (ex)32, is equivalent to the standard £, —basis.

Proof. Since (ex)?2, is shrinking by Proposition [5.4] we can assume the ex-
istence of u > 1, r € N, a, B € R, a* € [e}];._; and a sequence (), with
yr(e;) = 0 for j < n such that ||z*|| = ||y;|| = 1 and |Jaz* — By}|| = 1 for
all n but ||az* + Byk|| > p. Let K be the basis constant of (e)7,. We first
argue that for n € N with n > 80K /(i — 1) there exists k = k(n) so that if
k<mg <mg<---<m, then

—1)n
(5.1) ubc(ey, ..., e, ) > (,ung
Assume not. Then for each k£ > r we may select k < my1 < ... < my,
so that
—1n
ubc(en,, o€, ) < ('ulng
Hence since the basis constant of (x*, €rmpr 2 Empens Yrmpn +1) is at most K
we have that if €1,€9,..., 6,00 = £1 and &;,...,&,,2 are real numbers,

n
ler&iz™ + Z €501854160m, ; + €nt2bntolim, 4l
j=1
(

p—1)n, < «
< |&u| + [Enga| + T10K2 I Z£j+1emk,j I
j=1
< (1 + B2 e £ S et 4 Gt
< 3 1T J+1€my n+2Ymy, ,+1

=1

< Tlléw + Z §j+1€mk,j + §n+2ymk,n+1||~
j=1
Thus
ubc(z®, e oo s Y1) < PR
Note the basis (z*, e, ..., e ym 1) isdual \y,—skipped where limy, A, =

1.
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Let us define a norm on R"*2 by
n
||(517 cee afn+2)|| = liLI{n H&I* + Z 5j+1€;knk,j + §n+2y:nk,n+1||
j=1

where U is some non-principal ultrafilter. The canonical basis (fi, ..., fai2)
is then dual skipped 1-unconditional and

(u—1)n.

B |

U.bC(fl, cey fn+2) <

Also ubc(f1, fni2) > u. Hence by Lemma [5.3] (and utilizing Lemma [5.1] since
n + 1 need not be a power of 2)

(1= 1D)(n+1).

N | —

UbC(fl, ey fn+2) Z

This gives a contradiction and (B.1) is established.

(i) is now immediate.

For (ii) observe that any spreading model of (ex)%2; is 1-unconditional.
For any n there exists k(n) so that (5.1) holds. Suppose k(n) <m; < --- <
m,,. Then there exist (ay,...,a,) € R" and (€1,...,€,) € {—1,1}" so that

|| ;a,?e:n]H = 17 H Zejaj m]H 10K2

Since ||e;]| < 2K we thus have

Z|a]| 20K3

and so for a suitable choice of signs 7; we have

| Zm—eij Z 503"

i=1

Thus in any spreading model with basis (f;)32, we have || fi+- -+ fu| > cn
for suitable ¢ > 0. This implies that (f;)32, is equivalent to the canonical
basis of ¢; (since it is a 1-unconditional spreading model). U
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6. THE WEAK ALTERNATING BANACH-SAKS PROPERTY

We recall that a Banach space X is said to have the Alternating Banach-
Saks (ABS) property if every bounded sequence (z,,)5%, in X has a subse-
quence (y,)2,; such that

. 1 & -
(6.1) lim  sup [|= Y (=1)y, | =0.

=00 p <ro <<, =1

This is equivalent to the requirement that some spreading model of ()3,
is not equivalent to the ¢; —basis (see [2]).

We shall say that X has the Weak Alternating Banach-Saks (WABS)
property if every bounded sequence (z,,)5°; in X has a convex block sequence
(Yn )92, such that (6.I]) holds. Here (y,)5%, is a convex block sequence if

Pn

> N

Jj=pn-1+1

where pg =0 <p; <pa <--+, A\; >0,and Y "  A; = 1 for every n. Note
that if (y,)52, satisfies (IB:[I) then so does every further sequence of convex
blocks.

Let us recall at this point that a Banach space X has Petczynski’s property
(u) if for every weakly Cauchy sequence {x,}>, there is a weakly null
sequence (z,)22; so that if u, = x, — z, then the series > 7 (u, — up_1)
(where up = 0) is weakly unconditionally Cauchy (WUC). Any Banach
space with an unconditional basis has property (u) ([22], [18] p.31) Let us
note the following, which shows the connection with the (WABS) property:

Proposition 6.1. Let X be a separable Banach space. Then X contains
no copy of {1 and has property (u) if and only if every bounded sequence
(2,)2, has a convex block sequence (y,)5, such that

(6.2) sup  sup ||Z Yy, || < oc.

n ri<ro -<rn

Proof. If X contains no copy of ¢, we can assume (z,,)5°, is weakly Cauchy
[23]. If X has property (u) we can write z,, = u,, + 2, where (z,) is weakly
null and > (u, —up,—1) is a WUC series. We may then pass to convex blocks
()22, so that the corresponding convex blocks (2,)5°, and (u,)52, satisfy
|Zn]] < 27" Then (&,)5°, satisfies our requirements.

Conversely it is clear X cannot contain ¢;. If (z,,)°, is weakly Cauchy we
may pass to convex blocks (y,)%; verifying ([6.2]). But then > (v, — yn_1)
is a WUC series and x,, — y,, is weakly null. O
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In [8] Haydon, Odell and Rosenthal introduced the class of Baire-1/2
functions: if 2 is a compact metric space then a bounded function f on 2
is Baire-1/2 if for every ¢ > 0 there exist bounded lower-semi-continuous
functions ¢, 1 such that |f(s) — (¢(s) — ¥(s))] < € for s € Q.

Suppose X is a separable Banach space and z** € X**\ X. We can
generate a sequence X, = xn(2*) € X® by y; = z** and then x, =
§** 2** where j,_; is the canonical embedding X € X** C ... C X2n=1,
The sequence (x,)5 is considered in the transfinite dual X* defined as
the completion of U, > X",

The following theorem follows easily from [8] and [5]:

Theorem 6.2. If X is a separable Banach space then the following are
equivalent:

(i) X has the (WABS) property.

(i1) Every ™ € X** is Baire-1/2 as a function on Bx« with the weak*-
topology.

(i7i) There is no v € X**\ X so that (xn(x™))32, is equivalent to the unit
vector basis of {1.

Proof. (i) = (ii). Since X contains no copy of ¢y, every z** € X**\ X is
the weak*-limit of a sequence (x,,)7, [19]. We pass to a sequence of convex
blocks (y,)22; so that (6] holds. Now apply Theorem B of [§] to deduce
that z** is Baire-1/2.

(ii) <= (iii). This is Theorem 11 of Farmaki [5] (since (iii) also implies
that X contains no copy of ¢; by Proposition 6 of [3]).

(ii)) = (i). Let (z,)%2, be a bounded sequence in X. If (z,)7, has
a weakly convergent subsequence then Mazur’s theorem quickly yields a
sequence of convex blocks satisfying (6.I). By Rosenthal’s theorem [23]
we may therefore pass to the case when (x,)22, is weakly Cauchy and
converging weak* to some z** € X**\ X. By Theorem 3.7 and Lemma 3.8
of [8] there is a bounded sequence (f,)>2, in C(Bx+) converging pointwise
to x** so that (f,)r, satisfies (6.I). By Mazur’s theorem, we may find
a sequence of convex blocks (y,)%2; of (z,)5; and a sequence of convex
blocks (g,,)2, of (fn)s, such that ||y, — gn|| < 27" (considering X as a
subspace of C(Bx+)). Then (y,)2, satisfies (6.1]). O

We next give a very similar argument to Lemma for the case when
(2,)52, converges weak® to some z™* € X**\ X.

Lemma 6.3. Let X be a separable Banach space with property (au), and
suppose that ()2, is a weakly Cauchy sequence in X converging weak® to
some x** € X** \ X. Then there is a subsequence (y,)>>, of (2,)5, such
that the sequence (Yn, —Yn—1)22, (where yo = 0) is an asymptotically skipped
1-unconditional basic sequence.



22 S. R. COWELL AND N. J. KALTON

Proof. We may suppose, by passing to a subsequence, that (z,)52, is basic
(see e.g. [I] Theorem 1.5.6), and that if z* € X* is such that **(z*) = 1
then |z*(x,)—1| < 27". This implies the existence of y* € X* with y*(z,) =
1 for all n and so (x, — x,-1)52, (with zy = 0) is also a basic sequence (see
[25] pp. 308-311); note this remark applies to all subsequences of (z,)2 ;.
Let K be the basis constant for the sequence (z,)%2; and assume that
0<c<||z| <C < for all k.

Let (6,)52, be a decreasing sequence of positive numbers with the prop-
erty that > >° 4, < oo. We will construct a subsequence (y,)2%, and a
sequence (F},)°; of closed finite-codimensional subspaces inductively.

Let y; = o1 and F} = X. If y1,...,y,—1 and F},..., F,_1 have been
chosen then we may choose a closed subspace F), of finite codimension so
that if w € [y;]/={ and z € F, then

lw = 2]l < (14 60)lw + 2.

Let Q; : X — X/Fj denote the quotient map for 1 < j < n. If y,_1 =z,
we may pick ¥, = Ty, ., With m,1; > m,, so that

Kk koK 2j—n—105. .
1Qjyn — Q™| < ——+, 1<j<n.
10K
Now suppose w = Z;L:_ll a;y; and z = Z;V:n a;y; where |jw + z|| =1 and

Z;V:n a; = 0. Then we have

N 00
1Quzl = 11> a(Quys — Q™) | < 2K S [Quyy — Qe || < 8,/5.

j=n j=n
Hence there exists 2’ € F,, such that ||z — 2/|| < d,/4 and thus
=2 < lw = 2|+ 36, < (14 28w+ 7)) + 16, <1+

Thus we have the inequality

n—1 N N N
63) 1> ay— > il <A +8)1D ayll, i D> a;=0.
j=1 j=n j=1 j=n

Now let 2, = y, — y,—1 and suppose v; = Zj;l“ a;jzj for 1 < j<n

where mg = 0 < my; < --- < m, with m; —m;_; > 2 for j > 2. Then we
claim that if €¢; = £1 we have

(6.4) 1> ol < TTA+8u) 1D vl
j=1 j=1 j=1



ASYMPTOTIC UNCONDITIONALITY 23

This is proved by induction on n > 2. For n = 2 it follows from (6.3)).
Assume it is proved for n — 1. Then

1) ol < (14 6m,) o1+ v2+ Y eaejvg|

j=1 =3
< T+ 61 S w5l
j=1 j=1
Hence (y; — y;-1)52, is asymptotically skipped 1-unconditional. O

Theorem 6.4. Let X be a separable Banach space. Then the following are
equivalent:

(1) X has properties (au) and (WABS),

(11) For any 6 > 0 there is a Banach space'Y with a shrinking 1-unconditional
basis and a subspace X5 of Y such that d(X, Xs) < 1+ 4.

Proof. Of course by Theorem (ii) is equivalent to the fact that X has
(au*).

(ii) = (i). We observe that (ii) implies X has property (u) and hence
(WABS). Property (au) follows trivially from (ii).

(i) = (ii). Clearly X contains no copy of ¢;. Suppose z** € X** \ X; by
the Odell-Rosenthal theorem [19] and property (WABS) there is a sequence
(,)32, converging weak* to x** with the property that

% (i(—l)k:ﬁm> H —0.

lim sup
=00y <o <oy

According to Lemma [6.3] by passing to a subsequence we can assume that
(T, — xp-1)22, is asymptotically skipped l-unconditional. But then no
spreading model of (x, — z,-1)52; (with 27 = 0) is equivalent to the
¢1—basis. Thus, by Proposition we have that the space £ = [z, —
Tn-1)°2, has property (au®). In particular by Theorem E has property
(u). Since z** is in the weak*-closure of E we conclude that X has property
(u).

We next show that X has property (au®). Suppose not. Then there exists
z* € X* and a weak*-null sequence (z7)%, such that ||z* + x| < 1 and
|l* — x| > 1+ 4§ for some § > 0. Pick z,, € X so that ||z,|| = 1 but
¥ (xy,) —xk(x,) > 1+ 6. If (2,)5°, is weakly convergent to some z then we
obtain a contradiction since

lim 2*(2z — x,) + 2 (20 — x,) = lim 2"(z,) — 2, (x,) > 146

n—oo n—oo

but
lim |22 — z,|| = 1.
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Thus we can assume, passing to a subsequence, that (z,)5, is a basic
sequence which converges weak* to some z** € X**\ X. Since X has property
(u) there is sequence (y,)5>, in X so that (y,)5, also converges weak® to
™ and is equivalent to the summing basis of c¢o. Let G = [y,]02,. By
Sobcezyk’s theorem (see [26] or e.g. [1] Theorem 2.5.8) there is a projection
P: X — G. Then (P*x,)>, converges weak* to z** and so if Q =1 — P
the sequence (Qx,,)%2; is weakly null.

Now, by Lemma 2.5, passing to a further subsequence of (x,)52; we can
suppose that either (a) ||Qz,| < 27" or (b) (Qx,)22, is an unconditional
basis for its closed linear span Z. We may also suppose that z, = x, — x,_1
(where 2o = 0) defines an asymptotically skipped 1-unconditional basis
of Z. In case (a) the space £ = [z,]22, is isomorphic to a subspace of
co. In case (b) E is isomorphic to a subspace of Z @ G. In either case E
embeds (isomorphically, not isometrically) into a space with a shrinking
unconditional basis. In particular the biorthogonal sequence (z})°; in Z*
(which is weak*-null) has a subsequence which is an unconditional basic
sequence (again by Lemma [2.5]). By Proposition this means that Z has
property (au*). Now ||(z*+x})|z|| < 1 and so limsup,,_, . |[(z*—2%)|z|| < 1.
However (z* — ) )(x,) > 1+ 0 and we have a contradiction. O

Remark. We do not know whether it is possible to replace the (WABS)-
condition in (i) by the assumption that X contains no copy of ¢; (or even
that X* is separable). This problem reduces to the question of whether one
can find a space Y with an asymptotically skipped 1-unconditional basis,
which contains no copy of ¢; but does not have property (au*). If one fur-
ther imposes the condition that Y contains no copy of ¢y then Y would be
quasi-reflexive of order one by Proposition 5.4l It is certainly possible to
find such quasi-reflexive spaces which fail the (WABS) property; this is the
requirement that the transfinite dual Y ~ Y @ ¢;. Examples have been
given by Bellenot [3] and by Haydon, Odell and Rosenthal [§]. However
it seems difficult to impose the extra condition that Y has an asymptoti-
cally skipped 1-unconditional basis and therefore leads us to speculate that
Theorem can be improved.

Note that the James space [9] (or see [1] p.62) is quasi-reflexive and does
have (WABS). It therefore fails (au®) (it does not even have property (u)).
By Theorem the James space cannot have (au) under any equivalent
norming. However it does have the (UTP) of Johnson and Zheng [10].

Remark. The (WABS)-condition also appears implicitly in [14] where
Theorem 4.5 could be rephrased as saying that a separable Banach space
with the (WABS) property and the Q—property is reflexive; this implies
that if X is a space with the (WABS) property such that X coarsely embeds
into a reflexive space or Bx uniformly embeds into a reflexive space then
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X is reflexive. There is a clear link with the problems considered here.
For example if X is a separable Banach space with an unconditional basis

containing no copy of ¢y then Bx uniformly embeds in a reflexive space
(Theorem 3.8 of [14]).
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