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Abstract— In this paper, we present timing constraint Petri
nets (or TCPN’s for short) and describe how to use them to
model a real-time system specification and determine whether
the specification is schedulable with respect to imposed timing
constraints. The strength of TCPN’s over other time-related
Petri nets is in the modeling and analysis of conflict structures.
Schedulability analysis is conducted in three steps: specification
modeling, reachability simulation, and timing analysis. First, we
model a reai-time system by transforming its system specification
along with its imposed timing constraints into a TCPN; we call
this net NV,. Then we simulate the reachability of N, to verify
whether a marking, M., is reachable from an initial marking,
M. It is important to note that a reachable marking in Petri nets
is not necessarily reachable in TCPN’s due to the imposed timing
constraints. Therefore, in the timing analysis step, a reachable
marking M, found in the reachability simulation step is analyzed
to verify whether ), is reachable with the timing constraints.
M,, is said to be reachable in the TCPN’s if and only if we can
find at least one firing sequence ¢ so that all transitions in o
are strongly schedulable with respect to A, under the timing
constraints. If such M., can be found, then we can assert that the
specification is schedulable under the imposed timing constraints,
otherwise the system specification needs to be modified or the
timing constraints need to be relaxed. We also present a synthesis
method for determining the best approximation of the earliest fire
beginning time (EFBT) and the latest fire ending time (LFET) of
each strongly schedulable transition.

Index Terms— Timing constraints, Petri nets, time Petri nets,
timed Petri nets, specification and verification, timing analysis,
real-time systems, synthesis.

I. INTRODUCTION

REAL-TIME SYSTEM is characterized by its timely
Aresponse to external stimuli [28]. In general, a response
consists of a series of task executions, and a task execution
is usually characterized by its start time, execution time, and
deadline [20]. For obtaining timely responses in a real-time
system, a schedule of task executions must be specified,
designed, and executed in a timely manner with respect to
imposed timing constraints. The process of verifying that a
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schedule will meet the timing constraints is referred to as
schedulability analysis [6], [21], [23]. Techniques proposed for
schedulability analysis are usually considered from the design
and run-time point of view. Stoyenko et al. present a set of
language-independent schedulability analysis techniques [21]
where they utilize the information about program organization
and implementation and the hardware configuration to verify
whether real-time software will meet its timing constraints.
Haban and Shin [6] employ a real-time monitoring approach
to analyze the monitored results, then feed the analyzed results
back to the host operating system for dynamic scheduling and
verification of the monitored tasks. Tokuda and Kotera in [23]
use an interactive schedulability analyzer, Scheduler 1-2-3, for
verifying at the design phase whether or not all tasks in a
hard real-time system will be completed by their deadlines.
Compared with the schedulability analysis presented in these
three papers, which concentrated on the design and run-time
phases, our focus is on the specification and verification point
of view. Jahanian and Mok’s real-time logic (RTL) is a typical
example of real-time system specification and verification [8].
They are concerned with the consistency problem of safety
assertions with respect to a timing specification expressed in
RTL. In their approach, a formal logic RTL, employing an
event-action model, is used to specify and verify the timing
behavior of a real-time system. Once the specification of a sys-
tem has been given in terms of the event-action model, it then
can be transformed into a set of RTL formulas against which
the safety assertions are analyzed. If the safety assertions are
derivable from the formulas without any contradiction, then the
system is considered to be safe. Timing constraint Petri nets
(TCPN’s) are more like the graphical representation of RTL
described in [9] rather than RTL itself. However, TCPN’s are
more systematic and visualizable because they utilize existing
concepts and techniques of Petri nets along with additional
representation of timing constraints. The reasons Petri nets are
used are given in Section II and a formal definition of TCPN’s
is presented in Section III. To facilitate the discussion, in this
paper we concentrate the analysis on task level and assume
resources are always available upon request. Nevertheless, the
same analysis method can be applied to more detailed levels
such as the function level.

In this paper, we present timing constraint Petri nets
(TCPN’s) and their use in schedulability analysis of a real-time
system specification. TCPN’s are derived from the concepts
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of timing constraints and Petri nets. Usually, we model a
real-time system as a set of tasks. Each task is characterized
by two events, the beginning event at which a task begins
its execution and the ending event at which a task completes
its execution. A task remains in execution between the two
events. In addition, tasks in real-time systems usually have
timing constraints such as the ones defined in [3]. Dasarathy
has classified the timing constraints; three of them are: 1) the
maximum timing constraint, which is the maximum amount of
time that may elapse between the occurrence of two events;
2) the minimum timing constraint, which is the minimum
amount of time that must elapse between the occurrence of
two events; 3) the duration timing constraint, which is the
maximum amount of time that a task can last.

Petri nets are a particular kind of directed graph [14]. A
typical Petri net has transitions, places, directed arcs, and
tokens. As shown in Fig. 1(a), rectangles represent transitions
and circles represent places. A transition, t; is said to be
enabled if each input place, p, of t; has at least w(p,t;)
tokens, where w(p,t;) is the weight of arc from p to ¢;. A
net is an ordinary net if all its arcs are weighted as one. For
simplicity, in this paper, we refer to nets are ordinary unless
noted otherwise. An enabled transition may fire any time after
it is enabled. The firing of a transition is instantaneous and
will remove one token from each of its input places and put
one token into each of it output places [14].

TCPN’s extend Petri nets by associating a maximum timing
constraint and a minimum timing constraint, (TCumin(p;),
TCrmax(p4))> with each place p;, or (TCrin(#;); TCrmax(t;))
associated with each transition t;, and a duration timing
constraint, [FIREqy,(t;)], associated with each transition ;.
For example, (TCuin(t2), TCmax(t2)) is denoted as (0, 5)
and [FIRE 4. (¢2)] is denoted as [6] as shown in Fig. 1(b).

In general, the analysis of a system specification can be
done in two phases, the functional property analysis and the
timing property analysis. The functional property analysis is
performed first to assert the correctness of the functional-
ity. It can be performed using existing Petri nets analysis
methods without considering timing constraints. The timing
property analysis is then performed to assert the correctness
of the timing behavior. In general, valid timing behavior is
assumed if the specification complies with the timing con-
straints. Since the functionality has been determined before the
timing property analysis begins, the functionality relationship
among transitions is preserved with the newly attached timing
constraints. Due to the space limitations, we only cover the
schedulability analysis, which is the timing property analysis
performed in our research.

Schedulability analysis is conducted in three steps: specifi-
cation modeling, reachability simulation, and timing analysis.
First, we model a real-time system by transforming its system
specification along with its imposed timing constraints into a
TCPN: we call this net V,. Then we simulate the reachability
of N, to verify whether a marking, M,,, is reachable from an
initial marking, My. It is important to note that a reachable
marking in Petri nets is not necessarily reachable in TCPN’s
due to the imposed timing constraints. Therefore, in the
timing analysis step, a reachable marking M, found in the
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Fig. 1. (a) A fragment of a Petri net. (b) A fragment of a Petri net with
timing constraints.

reachability simulation step is analyzed to verify whether M,
is reachable under the consideration of timing constraints. M,
is said to be reachable in the TCPN’s if and only if we can
find at least one firing sequence, o, so that all transitions
in o are strongly schedulable with respect to My under the
timing constraints. If such M,, can be found, then we can
assert that the specification is schedulable under the imposed
timing constraints, otherwise the system specification needs to
be modified or the timing constraints need to be relaxed.

We also present a synthesis method for determining the best
approximation of the earliest fire beginning time (EFBT) and
the latest fire ending time (LFET) of each strongly schedulable
transition. Our schedulability analysis is performed during
the specification phase, whose purpose is to verify a system
specification against its imposed timing constraints rather than
elaborating a scheduling policy for a particular schedule.
Consequently, the analysis method presented in this paper can
be used regardless of scheduling algorithms.

This paper is organized as follows. Section II reviews
Petri nets and their time-related extensions. Section III defines
TCPN’s and discusses the usefulness of TCPN’s. Section IV
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presents schedulability analysis and synthesis using TCPN’s.
Finally, we conclude this paper by presenting our future
research in Section V. An example which illustrates the
usability of TCPN’s is given in Appendix.

II. PETRI NETS AND THEIR TIME-RELATED EXTENSIONS

Petri nets (PN’s) have gained popularity in recent years
because of their ability to model and analyze concurrent sys-
tems. However, the concept of time is not explicitly provided
in PN’s, which limits their usefulness for real-time systems.
Many efforts to extend PN’s can be found in the areas of
temporal behavior analysis [1], [2], [4], [5], [10]-[13], [15],
[22] and performance evaluation [7], [16]-[19], and we would
like to compare these extensions of PN’s in this section. Most
of the extensions have been achieved by imposing additional
timing constraints onto the enabling and firing rules of the
original PN’s. Therefore, we conduct our comparison from the
enabling and firing rules point of view, and from the timing
constraints point of view.

We classify enabling rules as two types: typeless enabling
rules and typed enabling rules. Typeless enabling rules treat all
tokens as the same. Therefore, for the enabling of a transition,
t;, one only considers the presence of tokens in each input
place of t;. In contrast, typed enabling rules treat tokens
individually so that each token may possess different attributes.
Therefore, for the enabling of a transition, ¢;, one not only
considers the presence of tokens, but also the types of tokens,
i.e., t; is not enabled until each input place of ¢; has the
right combination of token types. Based on the classification
of typeless and typed enabling rules, we classify firing rules as
typeless firing rules and typed firing rules accordingly. Typeless
firing rules are associated with typeless enabling rules which
treat all tokens as the same. The result of a transition firing
is implicit, which means tokens will be removed from each
input place of ¢; and added into each output place of ¢; based
on the arcs’” weights. PN’s use the typeless enabling and firing
rules. In contrast, for those nets following typed enabling rules,
the firing rules also have to be typed. The firing of a typed
transition, ¢;, will remove specific colored tokens from each
input place of ¢; and add specific colored tokens into each
output place of t;. As a result, a table is used to specify what
combinations of input colored tokens can be used to enable
transitions, and what combinations of colored tokens should
be removed from input places and be added into output places
after transition firing. Colored PN’s are a typical example
of nets that follow both typed enabling and firing rules. For
facilitating the discussion, we also classify two firing modes
based on how soon an enabled transition has to fire: weak firing
mode and strong firing mode. The weak firing mode does not
force any enabled transition to fire. In other words, an enabled
transition may or may not fire. The weak firing mode is used
in PN’s modeling. The strong firing mode forces an enabled
transition to fire immediately. In other words, a transition is
forced to fire as soon as it is enabled. The strong firing mode
is used in conflict-free firing PN’s modeling [14]. The strong
firing mode is not suitable for some nets with conflict structures
because this mode will result in a contradiction, as explained

in the following example. As shown in Fig. 1(a), once ¢ fires,
a token will be added into place ps. According to the definition
of the strong firing mode, both ¢, and t4 are enabled and begin
to fire at the same time when the token arrives at py, which
results in a token being added into p3, p4 and pg, respectively.
This contradicts the definition of conflict structures, in which
only one transition can fire.

The imposed timing constraints can be represented as con-
stants or functions. The former includes timed Petri nets which
treat a timing constraint as a single delay [7], [17], [18], and
time Petri nets which treat a timing constraint as a time pair
consisting of lower and upper bounds [10], [13], [19]. The
latter includes stochastic PN’s which treat a timing constraint
as a probability function of transition firing rate [12], [16],
and ER nets which treat a timing constraint as a function of
colored tokens in input places [4], [S].

Timed Petri nets (timed PN’s) were first proposed by
Ramchandani [18] who examined the timing analysis of asyn-
chronous concurrent systems. Ramamoorthy and Ho [17]
extended the use of timed PN’s to the area of performance
evaluation. Timed PN’s follow the strong firing mode, i.e.,
a transition, t;, with a delayed time, T'del, will immediately
fire at time when necessary tokens have arrived at time 7°0.
Before 70, the tokens which have arrived are not preserved
and can be used to enable other transitions if ¢; is in a conflict
structure. During the time period from 70 to (70 + T'del), the
tokens are preserved for ¢; so that no.other transitions can use
these tokens. At time (7°0+7'del), the tokens will and must be
removed from ¢;’s input places to output places.

Stochastic Petri nets (SPN’s) are also mainly used for
performance evaluation. In contrast to the constant delay used
in timed PN’s, SPN’s use the average delay which is a
probability function of a transition’s firing rate. Peng and Shin
use generalized stochastic Petri nets (GSPN’s) to model the
real-time control activities of a distributed system [16]. The
modeled activities in GSPN’s are then formed as a sequence of
homogeneous continuous-time Markov chains (CTMC) in or-
der to analyze the probability of missing deadlines. Timed and
stochastic PN’s are mostly used for performance evaluation,
such as finding how fast a transition can initiate consecutive
firing in a periodically operated timed PN’s (SPN’s). In other
words, the performance is evaluated by finding a minimum
cycle time for completing a firing sequence (each transition
fires at least once) that leads back to the initial marking,
i.e., finding the minimum cycle time for the execution of a
periodical process.

Time Petri nets (time PN’s) were introduced by Merlin and
Farber [13] for analyzing the recoverability of communication
protocols. Time PN’s are similar to timed PN’s except time
PN’s use a time pair instead of a single delay. A transition in
time PN’s is associated with (TCpin, TCnax), Where TCpin
represents the minimum delay and the TC,,,x represents a
time-out. If a transition, ¢;, is enabled at time T0, then t; can
fire neither before (10 + TCpin) nor after (170 + T'Cax).
Since time PN’s follow strong firing mode, if the firing does
not take place during the time period from (70 + T'Cyiyn) to
(T0+TCyayx), then t; must fire at (T0+7T'Cyax). Leveson and
Stolzy use time PN’s to model a real-time system for safety
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analysis [10]. To perform the safety analysis, a reachability
graph of the time PN’s which models the system behavior is
first constructed to determine whether a high-risk state will
be reached. The timing constraints imposed by the modeled
system can then be derived to avoid such high risk states.
Berthomieu and Diaz propose an enumerative method to
analyze the temporal behavior of a concurrent system [1].
Through the technique of reachability analysis used in time
PN’s, Berthomieu and Diaz claim that their method can
exhaustively validate the behavior of the modeled system.

We summarize the above extensions of PN’s by distinguish-
ing their difference in firing modes. Timed (stochastic) PN’s
use the strong firing mode in which a transition is forced to fire
immediately after it is enabled. Firing of a transition will last
for a period of time, and tokens will be preserved during the
firing period. Time PN’s use the strong firing mode in which a
transition is forced to fire at time T°0 + T'C\y,x if the transition
has not fired and not been disabled by other transitions’ firing.
In time PN’s modeling, tokens will not be preserved because
the firing of a transition is instantaneously.

III. TIMING CONSTRAINT PETRI NETS

Time constraint Petri nets (TCPN’s) are inspired by time
and timed Petri nets. TCPN’s extend Petri nets by adding
minimum timing constraint and maximum timing constraint
pairs to places or transitions, and by adding durational timing
constraint to transitions or places. The major difference be-
tween TCPN’s and time (timed) PN’s is that TCPN’s follow
the weak firing mode and the analysis method is based on
either the relative or absolute time mode, whereas time (timed)
PN’s follow the strong firing mode and the analysis method is
based on the relative time mode only. We will illustrate the
advantage of using the weak firing mode and the absolute time
mode at the end of this section. TCPN’s are most suitable for
systems with conflict structures (priority, decision, and choice
structures). The formal definition of TCPN’s is:

A. Definition of TCPN's

A timing constraint Petri net is a 6-tuple (P, T, F,C, D, M)
where:
is a set of places, i.e., P = {p1,p2,..-,Pm};
is a set of transitions, i.e., T = {t1,t2,...,{n};
is a set of arcs which connects places and transitions;
is a set of integer pairs, (TCpmin(pt;), TCmax(pt;)),
where pt; is either a place or a transition;
is a set of firing durations, [FIREq.:(pt;)],
where pt; is either a place or a transition, and
M is a set of marking with m-vector,
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period of time FIREq,,(t;). All the tokens (denoted as TK’s)
used for enabling a transition t; will be preserved during the
t;’s firing, and TK’s can be used to enable other transitions if
t; fails to complete the firing. If all the transitions enabled by
TK’s fail to complete their firing, TK’s will be trapped in their
corresponding places. A transition is said to be schedulable if it
is firable and can complete its firing successfully. i.e., (TCmax
(t;) — TCin(t;)) > FIREq4u:(t;). A marking M,, is said to
be reachable in PN’s modeling if there is a firing sequence,
o= (M()thl v th]‘ - t, M) that transforms My to M,,.
The set of all possible markings reachable from M is denoted
by R(M,), and the set of all possible firing sequences from My
is denoted by L(My) [14]. With the consideration of timing
constraints, in TCPN’s modeling, a marking M, is said to
be reachable if and only if all transitions in o are proved
to be schedulable with respect to the timing constraints, i.e.,
(TCmax(tj') - Tcmin(t]‘)) > FIREdur(tj).

In general, the time pairs associated with transitions are
referred to as transition time pairs and the time pairs associated
with places are referred to as place time pairs. For the duration
times which are associated with transitions like timed Petri nets
do, we say they are transition durations. If duration times are
associated with places like Coolahan’s approach [2], we say
they are place durations. For those places and transitions do
not have explicit timing constraints associated with them, the
default values of a place time pair (transition time pairs) are
(zero, infinity) and the default value of a transition duration
is zero.

PN’s and TCPN’s have different behavior in reachability
problems. A marking M,, which is reachable in PN’s modeling
is not necessarily reachable in TCPN’s modeling because of
the imposed timing constraints. In PN’s modeling, a marking
M,, is reachable if there exist at least one firing sequence,
o, which transforms My to M, after firing all transitions
in o at least once. However, due to the imposed timing
constraints in TCPN’s, such as TCpax(t;) > TCnmin(t;) and
(TCmax(tj) = TCmin(t;)) > FIREqu(t;), transitions in o
may not be firable or schedulable according to the definitions
of TCPN’s modeling. If at least one transition in o is nonfirable
or nonschedulable, then M,, is nonreachable. For example in
the PN’s in Fig. 1(a), let My = (p1), My = (ps), and My =
(ps). Both M3 and M, are reachable after firing sequence
g1 = (titats) and oo = (t1ts4), respectively. Assuming
My, M3, and M, remain the same, we can impose timing
constraints onto to and t; and form a TCPN as shown in
Fig. 1(b). In this case, based on the definition of a schedulable
transition, ¢ in o; is nonschedulable because (5-0) < 6
whereas ¢4 in o is schedulable because (9-5) > 1. That is

{M@py, - s My, M.}, where M, y denotes the My is nonreachable whereas M, is still reachable in TCPN’s

numbers of token in place p;. My denotes the initial
marking.

A transition ¢; with a time pair, (TCnin(%;), TCrmax (t;)),
is said to be enabled if each of its input places has at least one
token. A transition ¢;, which is enabled at time T0, is said
to be firable during the time period from T'0 + TCnin(t;) to
T0+TCmax(t;) in which TCax(t;) > TCmin(t;). A firable
transition can fire but there is no guarantee that the firing will
complete successfully because the firing of a transition takes a

modeling.

To deal with such differences of reachability problems in
PN’s and TCPN’s modeling, a systematic method is required
to determine whether M,, is reachable in TCPN’s. In case
M,, is nonreachable, then the method can be used to find the
cause as well, i.e., find the transitions that caused M, to be
nonreachable. In this paper, our schedulability analysis is used
to pinpoint which transitions in ¢ are not schedulable when a
marking in the TCPN’s is nonreachable.
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B. Significance of TCPN'’s

We conclude this section by distinguishing the advantage
of TCPN’s over the other time-related extensions of PN’s.
Time (timed) PN’s conduct their analysis based on relative
time mode, which is only suitable for transition time pairs. In
addition, both time and timed PN’s follow the strong firing
mode, which not only violates the PN’s firing mode, but also
prohibits them from representing conflict structures. TCPN’s
allow either transition or place time pairs and are able to do
analysis based on absolute or relative time modes. TCPN’s
follow the weak firing mode, which not only preserve the same
firing mode used by PN’s, but also is capable of modeling and
analyzing conflict structures.

Most of the time-related PN’s are based on relative time.
This will not cause any problem as long as the timing
constraints can be modeled purely by transition time pairs.
However, purely transition time pairs are not always sufficient.
For example, [10] notes that two nets with either transition
time pairs or place time pairs are isomorphic because they can
be converted into each other without losing timing information.
Unfortunately, this is true only when the token arrival times
are not considered. We will use an example to demonstrate
the need to know the token arrival time in order to perform
certain timing analysis. In addition, both time and timed PN’s
use the strong firing mode which will cause problems when
modeling conflict structures.

Fig. 2(a) shows a mutual exclusion example which models
the use of an exclusive resource between two tasks A and B.
Places and transitions are discussed as follows:

If place p; has a token, then a resource is available.

If place p2(ps4) has a token, then task A(B) is ready to
acquire a resource.

If place p3(ps) has a token, then task A(B) is using a
resource.

If transition ¢1(t4) fires, then task A(B) is requesting a
resource.

If transition ¢2(t5) fires, then task A(B) is acquiring a
resource.

If transition t3(te) fires, then task A(B) is releasing a
resource.

If transition ¢ fires, then task B is destroying a
resource.

Assume a resource can be acquired no earlier than 5 time
units and no later than 15 time units after the resource is
available. We attach a time pair (5, 15) onto place p; as
shown in Fig. 2(a) to represent the time interval a resource is
available. This example also shows not every timing constraint
can be modeled by transition time pairs. To demonstrate
transition and place time pairs are not isomorphic unless the
token arrival times are considered, we convert the net with
place time pairs as shown in Fig. 2(a) into a net with transition
time pairs as shown in Fig. 2(b) without considering token
arrival times. Unfortunately, the meaning of timing constraints
specified in Fig. 2(a) is distorted because token arrival times
in py, po and py are ignored. The timing constraint in Fig. 2(a)
specifies that the token in place p; may be used to enable £,
and t; only between time 5 to 15 after the token arrived at p;.

(L3) ©3)

(5,15) &2

(b)

Fig. 2. (a) A mutual exclusion example with place time pairs. (b) A mutual
exclusion example with transition time pairs.

However, the conversion shown in Fig. 2(b) implies that token
in p; can be used to enable {3 and ¢5 indefinitely if neither {;
nor ¢4 fire. As a result, the conversion from place time pairs to
transition time pairs is isomorphic only if one takes the token
arrival time into consideration.

The conversion from transition time pairs to place time
pairs with the consideration of token arrival times is done
by computing the maximum of each input place’s TC,,;, and
the minimum of each input place’s TC,ax. In Fig. 2(a), let ¢;
fire at time T'1, ¢4 fire at time 74, and a token arrive at p; at
time 7. Since a transition is enabled if and only if each of its
input place has at least one token. Therefore, in this example,
we have

to is enabled during (Max{T'1 + 0,7 + 5},
Min{71 + o0, T + 15}),
and
t5 is enabled during (Max{7T4+ 0,7 + 5},
Min{74 + o0, T + 15}).
Since oo is always greater than 7" 4 15, we have
t2 is enabled during (Max{7T1+ 0,7 + 5},T + 15), and
t5 is enabled during (Max{7T4 + 0,7 + 5}, T + 15).

As we addressed in the introduction, for a transition to
be firable, the timing constraint must be TCpin < TChax.
Therefore, we have

Max{T1+0.T+5} <T+15
and

Max{T4+0,T +5} <T + 15.
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Thus, we conclude that transitions ¢p and ts are firable
during time intervals, (Max{T1,T + 5},T + 15) and
(Max{T4,T+5},T+15), respectively. From this conclusion,
we can demonstrate another problem due to the strong firing
mode. In Fig. 2(b), if both to and ts5 do not fire by time
(T + 15), according to the definition of the strong firing
mode, then both ¢y and t; must fire at time (T' + 15). This
contradicts the definition of conflict structures. Beside causing
two conflict transitions to fire simultaneously, the strong firing
mode may cause a transition not to be able to be fired at
all. In other words, the strong firing mode is prone to cause
dead transition. For example, in Fig. 2(b) transition {7 may
never have a chance to fire if tg is with a time pair (1, 5)
and ¢7 is with a time pair (6, 10), because tg is forced to
fire at time 7’5 + 5 (assume t5 fires at 7'5) if g has not fired
until 7’5 + 5. Consequently, ¢; will never fire and become a
dead transition.

Another advantage the weak firing mode is in the modeling
of lost tokens. In [10], [13], a failure transition and a fault
condition are needed explicitly in order to model the loss of
tokens because of the use of the strong firing mode. This results
in a number of shortcomings: 1) it violates the assumption of
PN’s that tokens never accidentally disappear. 2) designers
have to explicitly model every possible location where tokens
may be lost. 3) Extra transitions and places increase the
complexity of both net and reachability graphs. By using
TCPN’s, ie. use the weak firing mode for modeling such

failure-fault correlation (failures causing faults), we do not-

need those extra failure transitions and fault conditions. In ad-
dition, TCPN’s modeling provides an intuitive representation
of lost tokens without violating PN’s modeling by utilizing
the existence of trapped tokens to simulate the existence
of lost tokens. If a transition, t;, does not fire because of
lost token (faults), then one simply looks at all places prior
to t; in a firing sequence for any trapped tokens. If any
trapped token can be found in place, p, we detect that the
faults are caused because the output transition of p fails to
fire during the timing constraints (failures). For example, in
Fig. 2(a), if tg does not fire in time (a fault), then the cause
of fault (a failure) may be that a token has lost in place
ps because tramsition t; fails to fire in time. This shows
how timing constraint violations could result in the lose of
tokens.

IV. SCHEDULABILITY ANALYSIS USING TCPN's

In this section, we present our schedulability analysis with
an illustrated example featuring a real-time controlling system.
We assume that the state in which the system samples data
from outside as the initial marking M, and assume the state
in which the system provides timely response as the final
marking M,,. For a system specification to be valid, M,, must
be reachable from M, in TCPN’s modeling. For M, to be
reachable, all transitions in the firing sequences from M to
M,, must be strongly schedulable. We will address how to
determine if a transition is strongly schedulable in TCPN’s
modeling in this section.
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A. Basic Concepts

As defined in [14], a marking, M,,, is said to be reachable
if there is a firing sequence, 0 = (Mota My -+ Mit; - - to M)
or simply (¢1 -+ #;---#,) that transforms My to M,. Due to
the timing constraints, to prove M, is reachable in TCPN’s
modeling, we have to prove that all the transitions in o are
strongly schedulable with respect to Mp. In other words, let ¢,,
be the final transition of o from Mj to M,,. M,, is reachable if
and only if ¢,, and all the transitions that occurred prior to ¢,,
are strongly schedulable. In this section, we present a method
to determine whether a transition is strongly schedulable under
this definition. The firing sequence, é, used in TCPN’s is
different from the firing sequence, o, used in PN’s. We define
6 as follows.

6x(M,,) is the collection of places and transitions except the

first transition in the k-th firing sequence from My to M,

where 7 is the number of the final transition in & (M, ).

For example, comparing é and o in Fig. 1(b), 61(M;) =
(patapsts). 62(Ms) = (patapats) and 81(My) = (pata),
whereas (J’(;Mg) = (thltzMztg) = (tﬂ)thPg]}.ﬂg) and
O'(M4) = ({1 Mity) = (t1p2t4).

Note that éx(M,,) is a by-product of finding & in PN’s,
i.e., 8;(M,,) can be obtained from L(Mjy) (see Section IILA).
Therefore, no additional mechanism is needed to find 6, (M,),
and the complexity of our schedulability analysis is the same
as the reachability problem in PN’s. The complexity is O(mn)
where m is the number of conflicting transitions (conditional
flows) and n is the number of concurrent transitions. Terms
are defined here to facilitate the following discussion.

Definition 1: FIRE...0ia(t;) is the time at which a tran-
sition t; is enabled; FIRE,.gn(t;) is the time at which a
transition ¢; begins the firing; FIRE.,., (¢;) is the time at which
a transition ¢; ends the firing; FIRE... (t;) is a period of time
during which a transition ¢; keeps firing; From Definition 1,
we have

FIREqu(t;) = FIREcna(t;) — FIREpegin(t;) (4.1)
FIREenabied(t;) < FIREpbegin(t;)- %))

Definition 2: IT(p;) is a set of input transitions of p;;
OT(p;) is a set of output transitions of p;; IP(¢;) is a set
of input places of t;; OP(¢;) is a set of output places of ¢;.

Definition 3: TCuin(p; ) TCmax(p;) are  the  mini-
mum/maximum elapsed time intervals between the token
arrival time of p; and the beginning/ending firing times of p;’s
output transition. TOKEN... (p;) is the time at which a token
arrives at a place p;; TOKEN,... (p;) is the time at which a
token is removed from a place p;; From Definition 3, we have

TCrmin(pj) < FIREpegin(ti) — TOKEN,(p;),
Tcmax(pj) Z FIREend (t'i) - TOKENarr(pj)a

where t; € OT(p;). The movement of tokens from each input
place to each output place of ¢; uses no time. As a result,
the token removal time of place p; is the same as the ending
firing time of p;’s output transition. Similarly, the token arrival
time of p; is the same as the ending firing time of p;’s input
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transition. i.e.,

TOKEN em(p;) =FIREcnq(t;), where t; € OT(p;) (4.3)
TOKENa"(p]‘) :FIR.Eend(ti), where ¢; € IT([)J‘) 4.4)
TOKEN e (p;) <TOKEN 1;(p;) + TCrmax(p;).  (4.5)

A place needs at least TCpin(p;) seconds of delay to enable
a transition and can hold a token only for at most TCayx(p;)
after a token’s arrival. Therefore, a place can only enable
its output transition during the time from (TOKEN,.(p;) +
TCrin(p;j)) to (TOKEN...(p;) + TCmax(p;))- As a result, the
maximum enabling time needed by p; to enable its output
transition, OT(p;), is (TCrax(p;) — TCmin(p;))- Since the
firing of OT(p;) needs FIRE,,. (OT(p;)) and it has to be
enabled before it can be FIREd, therefore, we have

FIREdur(ti) < TCmax(pj) - TCm;n(pj),where t; € OT(;D])

(4.6)

otherwise, ¢; cannot be Fired successfully.

B. Specification of a Real-Time Control System

For a typical real-time system, the system continuously
samples and processes the data in a timely fashion. Fig. 3(a)
is a TCPN transformed from the specifications list below. The
time pair of minimum and maximum timing constraints is
denoted as (TCpin, TCmax) such as (0, 45), and the firing
duration is denoted as [FIREy,,| such as [25] in the net. The
system samples data (denoted as transition ¢;) every 50 time
units (TU) from the external environment and provides either
a normal response (denoted as transition ¢g) or an emergency
response (denoted as transition ¢g) within 45 TU. If the system
cannot complete before its deadline, then it tries the emergency
response. Therefore, we model the normal data input (denoted
as transition f2) with a higher priority than the emergency
data input (denoted as transition ¢7) by specifying 1, with
an earlier deadline. As we can see in Fig. 3(a), a conflict
structure (pg, t2, and ¢7) can be easily modeled with TCPN’s.
In contrast, time (timed) PN’s do not have such capabilities. In
TCPN’s modeling, assume a token arrives at po at time 7', then
t7 may fire during 7'+ 10 to 7'+ 30 if ¢5 does not fire at 7'+6.
In contrast, in time (timed) PN’s modeling, ¢; will never fire
because to must fire at time 7' 4+ 6. Therefore, let the initial
marking, Mo, be (p1). We would like to use schedulability
analysis to determine whether marking Msg, (p1p12), which
denotes the normal response, and marking My, (p1p13), which
denotes the emergency response are reachable. The following
specifications are for a real-time control system.

S1. The system samples data from the external environment
every 50 TU and the system must respond with either a
normal or an emergency response but not both within 45
TU after the completion of sampling. The task of sampling
takes 5 TU.

S2. Once the data is obtained, the system goes to the normal
data input procedure (NDI) first, if the NDI fails, then it goes
to the emergency data input procedure (EDI).

S3. NDI must wait for 2 TU and complete within 6 TU after
the completion of the sampling. The task of NDI takes 8 TU.

S4. EDI must wait for 10 TU and complete within 30 TU
after the completion of the sampling. The task of EDI takes
2 TU.

S5. If the system executes the normal data input procedure,
then the system needs to display the sampled data on the
screen before giving its normal response. The task of the
normal response takes 10 TU.

S6. Displaying data is done by displaying the analyzed data
on the background. (i.e., data has to wait until both the
background display and the data analysis are completed).
The task of displaying data takes 15 TU.

S7. Displaying background can begin as soon as NDI is
complete. The task of displaying background takes 5 TU.
S8. Due to the data transfer delay, analyzing data must wait
for 5 TU after the completion of NDI. The task of analyzing
data takes 25 TU.

S9. If the system goes to the emergency data input proce-
dure, then the system only needs to analyze data and gives
the emergency responses, (no data displaying is necessary).
The task of emergency response takes 10 TU.

S10. Due to the data transfer delay, analyzing data must
wait for 5 TU after the completion of EDI. The task of
analyzing data takes 20 TU.

C. Analyzing Strongly Schedulable Transitions

For a transition ¢, to be firable, it must be enabled by all
its input places. Therefore, we have Definition 4.

Definition 4: A transition t; is said to be a weakly firable
transition and denoted as WFT(t;) if each of the input places
of ¢; currently has at least one token without considering the
arrival times of tokens in each input place (or assuming that
the arrival times of tokens are the same). That is, given the
time pair, (EFBT(¢;), LFET(¢;)), which denotes the earliest
fire beginning time and the latest fire ending time of ¢; after
t; is enabled, then ¢; is a WFT if and only if

EFBT(t;) = Max{TCuin(p;)} + TCrmin(t;),
LFET(¢;) = Min{TCmax(P;), TCrmax(¢,)},

and
LFET(t;) — EFBT(¢;) > 0, where p; € IP(t;).

Since the firing needs a duration time, it is not guaranteed
that a firable transition will complete its firing successfully.
Therefore, we have.

Definition 5: A transition #; is a weakly schedulable tran-
sition and denoted as WST(t;) if ¢; is a WFT and can be fired
successfully without considering the arrival times of tokens in
each input place. That is, ¢;’s duration of firing time cannot
be less than its firable time, so that

LFET(t;) — EFBT(¢;) > FIREauw(t;).
For example in Fig. 3(a), £, is not a WST because

LFET(t») — EFBT(ts) = Min{TCpnax(p).
Tcmax(t2)} - (MB‘X{TCmin(PQ)} + Tcmin(tQ))
=6~ 2< 8= FIREqu(l2).
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To make ¢, a WST, we relax the timing constraints by
increasing TC pax(2) from 6 to 10, so that

LFET(ts) — EFBT(ty) = 10 — 2 = 8 = FIREqy(t2).

Theorem I: A transition t; is said to be a strongly firable
transition with respect to Mo and denoted as SFT (t;) if t; is a
WFT and each of the input places of ¢; has at least one token at
the same time with the consideration of the actual arrival time
of a token in each input place (or take into account the actual
arrival time of tokens). That is, given the time pair, (EFBT(¢;),
LFET(t;)), which denotes the earliest fire beginning time and
the latest fire ending time of ¢; after ¢; is enabled, then ¢; is
a SFT if and only if

EFBT(t;) = Max{Min{TOKEN,:(p,)}

+ Tcmin(pj)} + TCmin(tj) (43')
LFET(t;) = Min{Max{TOKENac:(p;)}
+ Min{TCrmax(p;); TCmax(t;)}}  (4.b)

LFET(¢;) — EFBT(¢;) > 0, where p; € IP(t;) (4.0)

EFBT(t;) = Max{FIREcna(t1) + ETCumin(ptmk)
+ SFIRE gy (tnk) } + TCrmin(t;),
where plok, tnk € (Sk(M])
LFET(t;) = Min{(Min{TCrax(P;), TCmax(t;)}
+ FIREcnd(t1) + ETCrmax(Ptms))},
where pt.i € 6k(M;),
LFET(t;) — EFBT(¢;) > 0.

Proof: t; is firable only if it is enabled by every input
place of t; simultaneously, and will stop firing once one of its
input places stops enabling it. To determine if ¢; is firable, we
need to take into account the arrival time of all input places of
t;. Since TCmin(p;) and TCrax(p;) are fixed, we need only
to find the lower bound and upper bound of TOKEN,(p;) in
order to find EFBT(t;) and LFET(p;). From (4.4), we know
that TOKEN,,(p;) is equal to FIREnq(IT(p;)). Therefore,
we can find the bounds of TOKENarr(p;) by finding the
bounds of FIRE.,q(IT(p;)) derived from IP(p;) back to the
initial transition ¢;.

From Definition 3, we have

TOKENart (9;) + TComin(®;) + TCumin(t;) < FIREpegin(ti),

where
t; € OT(p;) 4.7
FIREcnd(t:) < TOKENu (p;) + TCrmax(P;),
where
t; € OT(p;). 4.8)
From (4.1), we have
FIREbegin(ti) = FIREena(t:) — FIREqur(t:),
where
t; € OT(p;). (4.9)
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Applying (4.9) into (4.7), we have
TOKENarr(pJ') + TCmin(Pj) + Tcmin(tj)
< FIREend(ti) - FIREdm(ti), where {; € OT([)j)
or
TOKEN,;; (pj) + Tcmin(pj) + TCmin(tj) + FIREdur(ti)
< FIRE pa(t;) where t; € OT(p;). 4.10)
From (4.8) and (4.10), we have
TOKENarr(pj) + TCmin(pj) + TCmin(tj) + FIREdur(ti)
< FIREeng(t;) < TOKEN 1 (p;) + TCrax(p;),
where

t; € OT(p;) @.11)

or

FIREend(ti) + Tcmin(pj) + TCmin(tj) + FIREdur(ti)
< FIREend(ti) € FIREena(ti) TCmax(p;),

where
t; € OT(pj). 4.12)

From &;(M;) and (4.4), we know that TOKEN.(p;) =
FIRE pna(t;-1), which means we can find TOKEN,,(p;) by
finding FIRE.pq(¢;—1). Thus we have

TOKENar: (p;) = FIREena(tj—1)- @.13)

We can determine the bounds of TOKEN,,, (p;) by deriving
the bound of FIRE.q(t;—1) as follows:
From (4.12), we have
FIREenda(tj—2) + TCumin(pj—1) + FIREquc(t;-1)
< FIREena(tj—1) < FIREna(tj—2) + TCrax(pj-1)
(4.14)
extending FIRE¢,q(t;-2) by using (4.12), we have
FIREend(tj—3) + Tcmin(pj—Z) + FIREdur(tj—2)
< FIREend(¢j—2) < FIREena(t;-3)
+ TCmax(pj_Q).
Combining (4.14) and (4.15), we have
FIREend(t’j—Zi) + TCn]in(pj~2) + TCmin(pj—l)
+ FIREdm(tj_z) + FIREdur(tj_l) < FIREend(tj_l)

S FIREend(tj-—3) + Tcmax(pj—2) + Tcmax(pj—1)~
(4.16)

(4.15)

We can continue deriving in the same way until FIREena(t1)
is encountered, at which point we have
FIREcnd(t1) + TCrmin(p2) + TCumin(pa) - - - + TCrmin(pj-1)

+ TCuin(t;) + FIREqyu:(t2) + FIREgu:(p3)

+ 4+ FIREdur(t]’_l)

< FIREena(tj—1) < FIREena(t1)
+ TCrmax(P2) + TCrmax(p3) + -+ - + TCmax(p;-1)
“4.17)
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or

FIRE¢nq (tl) + XTCmin (ptmk) + Tcmm(tj)
+ SFIRE gu(fak) < FIREena(tj—1)
5 FIREend(tl) + 2Tcmax(ptmk)a

where

DPlmk, tnk € §k(MJ) (4.18)

Replacing FIREnq(t;—1) by TOKEN,,(p;), we can deter-
mine the lower bound and upper bound of TOKEN,(p;)
and get: -

FIREena(t1) + 2T Crmin (Ptmk) + TCrin(t;)
+ EFIREdur(tnk) S TOKENafr(pJ)
< FIREend(tl) + ETCmax(ptmk)

where
Pluk, tnk € Ok (M;). (4.19)

From (4.19), we get the lower bound and upper bound of
TOKEN,,,(p;) and apply them to (4.a) and (4.b) to get

EFBT(t;) = Max{FIREena(t1) + ZTCrin(ptmk)
+ ZFIREdu,(tnk),

where

Plmk € (5k(MJ) and i, € §k(M])}
LFET(tj) = Min{(FIREend(tl) + ETCmax(ptmk))},

where
Ptak € O(M;)
ie.,

EFBT(t;) = The lower bound of ¢s enabled time of
all paths from ¢; to ¢;.

LFET(t;) = The upper bound of #}s end firing time of
all paths from ¢, to ¢;.

For example, in Fig. 3(a), ts is not a SFT because:
81 (Mg) = (patapatapstsprie)

82(Ms) = (patapatapstsprte)
03(Mg) = (prots).

Let ¢; end its firing at 7°0.
EFBT(t6)
= Max{[T0 + (TCpin(p2) + TCumin(t2)
+ TCumin(p3) + TCumin(t3) + TCrin(ps)
+ TCrin(ts) + TCumin(p7)) + (FIRE4u:(t2)
+ FIREqu: (t3) + FIREqu:(t5))],
[70 + (TCumin(p2) + TCrmin(t2) + TCumin(pa)
+ TCmin(t4) + TCmin(ps) + TCuin(ts)
+ TCumin(p7)) + (FIREaur(t2)
+ FIRE gy (t4) + FIREqu(25))],
[T0 + TCrin(p10]} + TCmin(ts)
=Max{[TO+ (0+2+0+0+0+0+0)
+(8+5+15),[T0+ (0+2+5+0
+0+0+0)+ (8+25+4+15),[T0+0]} +0
— Max{(T0 + 2+ 28), (T0 + 7 + 48), (T0O + 0)} + 0
=T+ 53

LFET(t6)
= Min{[Min{TCrax(p7), TCumax(t6)}
+ T0 + (TCmax(p2) + TCrmax(t2) + TCrmax(pa)
+ TCrmax(t3) + TCrmax(ps) + TCrmax(ts)],
Min{TCmax(p7), TCmax(te)} + To
+ (TCrmax(p2) + TCrmax(t2) + TCumax(pa)
+ TCrmax(ta) + TCrax(pe) + TCumax(5)],
Min{TCmax(P10); TCmax(ts)} + T0]}
= Min{[oc + T0 + (00 + 6 + 00 + o
+ 00 + 00)], [00 + T0 + (00 + 6 + 00 + 00
+o00 + 00)],[45 + T0]}
=T0+45

LFET(ts) — EFBT(t6)
=(T0+45)— (T0+53) =45-53<0
which contradicts Theorem 1.
Therefore, tg is not a SFT.
To make tg a SFT, we relax the timing constraints by

increasing the TCpax(p1o) from 45 to 65, as shown in
Fig. 3(b), so that

LFET(tg) = T0 + 65 and
LFET(ts) — EFBT(t6) = (T0+ 65) — (70 + 53) = 12 > 0.
Theorem 2: A transition t; is said to be a strongly schedu-
lable transition with respect to My and denoted as SST(¢;)
if ¢; can be fired successfully under the consideration of the
arrival time of a token in each input place. That is, given the
time pair, EFBT(¢;), LFET(¢;)), which denotes the earliest
fire beginning time and the latest fire ending time of ¢; after
t; is enabled, then t; is a SST if and only if

EFBT(¢;) = Max{Min{TOKEN,(p;)}

+ Tcmin(pj)} + TCmin (t]) (43)
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t: normal data input
t): sampling ty: display background
1p: hormal data input 14 analyze data
ty; display background by display data
ty: analyze data g 1g: give normal responise

t5: display data ty: smecgency data input

tg: give normal response tg: analyzs data.

t7: emergency data input S— tg: give emergency responss
tﬁ:u-lyuchn

tg: give emergency responss

(a) ®)

Fig. 3. (a) A fragment of a TCPN modeling a real-time control system specification. (b) A fragment of a TCPN with strongly schedulable TCmin and
TCmax On each transition. (Continued on next page.)

LFET(t;) = Min{Max{ TOKEN.(p;)} Proof: The proof of this theorem is the same as the
+ Min{TCunax(p;), TCmax(t;)}} (4.b) proof of Theorem 1 except that 4.d is replaced by (4.c) in

all equations.
LFET(t;) - EFBT(t;) 2 FIREqur(t;), For example, in Fig. 3(a), tg is not a SST because:

where
§1(My) = (patrpstspete)
p; € IP(t;) “4.d) 82(Mpg) = (p11te)-
Let ¢; end its firing at Tp.
o EFBT(to)
EFBT(t;) = Max{FIREena(t1) + ZTCrmin(Ptmk) ., = Max{[T0 + (TCpmin(p2) + TCumin(t7)
+ EFIREdur(tnk)} + TCm'm(tj)s + TCmin(PB) + TCmin(tB) + TCmin(pQ))
+ (FIREqu:(t7) + FIREqu:(ts))],
where [T0 + TCunin(p11)]} + TCmints)
Dbk, tak € 6k(M;), =Max{[TO+(0+10+5+0+0)+(2+ 20)],
LFET(t;) = Min{(Min{TCumax(P;); TCrmax(t;)} (T0+0]} +0
+ FIREena(t1) + ETComax (Ptuk)) } = T0+37
where LFET(tg)
= Min{[Min{TCmn(pg), TCmax(to)}
Ptmicta € 0x(M), + T0 + TCrmax(P2) + TCrmax(t7)

LFET(t;) - EFBT(t;) 2 FIREqu(t;), where p; € IP(M;). + TCrmax(p8) + TCumax(ts)],
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1): sampling
ty: normal data input
13: display background
" 14; analyze data
ts: display data
\g: give narmal response
17: etmergency data input
tg: analyze data
1g: give emergency response

(T0+53,70+85)
0]

Pr2

(c)

Fig. 3.

ty: sampling
1y normal data input

t3: display background

t4: analyze data

tg: display data

tg: give normal response

1: emergency data input

tg: analyze data

tg: give emergency response

(T0+53,T0+65)
0o

(d)

(Continued.) (¢) A fragment of a TCPN with synthesized EFBT and LFET on each transition after forward computation. (d) A fragment of a

TCPN with synthesized EFBT and LFET on each transition after backward computation.

[Min{TCmax(p11)1 TCmax(tQ)} + TO]}
= Min{[oo + T0 + 00 + 30 + oc + <], [45 + T0]}
=T0+ 45.

LFET(ty) — EFBT(tg) = (70 + 45) — (T0 + 37)
= 8 < FIREqy(te) = 10

which contradicts Theorem 2. Therefore, ¢g is not a SST.

To make t9 a SST, we relax the timing constraints by
reducing the TCp;n(ps) from 5 to 1, as shown in Fig. 3(b),
so that we have

EFBT(t9) = Max{[T0+ (0+ 10+ 1+ 0+0)
+(2 +20)],[T0+ 0] + 0}
=T0+ 33
LFET(tg) = T0 + 45.
LFET(t9) — EFBT(tg) = (70 + 45) — (70 + 33)
=12 > FIREdur(tg) = 10.
Theorem 3: If at least one of the transitions in a TCPN is

not strongly schedulable with respect to the initial marking
My, then this net is not a schedulable net.

Proof: For a transition ¢; in a TCPN, it is firable for only
a limited period of time. In addition, the firing of a transition
in a TCPN lasts for a duration of time. If the firable time of
t; is less than its firing duration, then ¢; cannot complete its
firing successfully. In other words, ¢; is not schedulable under
the imposed timing constraints.

D. Synthesis

Real-time system specification and verification tries to find
the most timely valid responses for the system. Most of
the verification methods proposed nowadays are able to ver-
ify whether a timely response is valid with respect to the
timing requirements, but not many of them can synthesize
the approximate range of such timely responses. Besides
proving those timely responses are schedulable with respect to
the specified timing requirements, the other objective of our
schedulability analysis is to synthesize the best approximation
of time range for the timely response. In this paper, our
synthesis is conducted by computing the best approximation
of the earliest fire beginning time (EFBT) and the latest
fire ending time (LFET) for each schedulable transition. The
computation of synthesis consists of forward and backward
computations. Forward computation is used to construct the
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best approximation of EFBT and backward computation is
used to construct the best approximation of LFET.

1) Forward Computation: In general, the forward compu-
tation follows the schedulability analysis method (especially
the Theorem 2) presented in previous subsection. That is,
the forward computation converts the specified TC;, and
TCinax time pairs into the EFBT and LFET time pairs,
then analyzes whether the EFBT and LFET time pairs are
strongly schedulable or not. If they are not, then the EFBT
and LFET are refined by relaxing TCin and TCyax until all
transitions are strongly schedulable. Note that the time mode
used in TC,;, and TC .y is referred to as the relative time
between the two transitions’ firing, whereas the time mode
used in EFBT and LFET is absolute time with respect to
the time instant of initial marking. In the following, we use
forward computation to compute the EFBT and LFET of each
transition based on the refined TC;,, and TC . specification
in Fig. 3(b). The result of forward computation is shown in
Fig. 3(c). The EFBT and LFET of t5 and t9 as shown in
Fig. 3(c) have been obtained in a previous subsection and they
are both strongly schedulable transitions with respect to the
time instant of initial marking, i.e., the time instant at which
transition ¢y completes its firing, we assume the time is 7°0.

LFET(ts) — EFBT(ts) = (T0 + 65) — (70 + 53)
=12 > FIRE,(ts) = 10.
LFET(tg) — EFBT(tg) = (70 + 45) — (70 + 33)
=12> FIREdur(tQ) =10.
Based on Theorem 2, we compute and analyze the remaining
transitions in the net in Fig. 3(b) by finding their firing
sequence, 8, and EFBT and LFET as follows:
For transition, 3, whose 6(My) = (pat2), and we have

EFBT(¢3) = T0 + TCpmin(p2) + TCrmin(t2)
=T0+4+0+2
=T0+2

LFET(#2) = Min{TCnax(p2), TCmax(t2)} + 10
=10+70

LFET(t2) — EFBT(t5) = T0 + 10 — (T0 + 2) = 8
= FIREqy:(t2) = 8.
Therefore, t2 is a SST.
For transition, ¢3, whose 8§( M3) = (patapsts), we have
EFBT(t;}) =T0+ TCm;n(pz) + TCmin(tg)
+ TCmin(pS) + FIREdur(f'Q) + TCmin(tfi)
=T0+0+4+2+4+0+8+0
=T0+ 10

LFET(t3) = Min{TCumax(p3), TCmax(t3)}
+ 70+ TCmax(PZ) + TcmaX(tZ)
=00+ 70+ 00+ 10

=
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LFET(t3) — EFBT(t3) = 0o — (T0 + 10) = 00
> FIREqy(t3) = 5.

Therefore, ¢t3 is a SST.
For transition, ¢4, whose §(M,) = (pat2pats), We have

EFBT(t4) = T0 + TCumin(p2) + TCmin(t2) + TCumin(pa)
+ FIREqy(t2) + TCmin(ta)
=T04+04+24+5+8+0
=70+ 15

LFET(t4) = min{TCpax(ps), TCrmax(t4)} + T0
+ TCmax(p2) + Tcmax(tz)
=00+ T0+ 00+ 10

= 0oC

LFET(t4) — EFBT(ts) = oo — (T0 + 15) = oo
> FIREqy(t4) = 25.

Therefore, t, is a SST.
For transition, t5, whose &;(M;) = (pa2tepstspsts) and
82(Ms) = (patapstsapsts), we have
EFBT(¢5)
= Max{[T0 + TCmin(p2) + TCmin(t2)
+ TCmin(p3) + TCmin(ts) + TCrin(ps)
+ (FIRE 4, (t2) + FIREqy (¢3))],
[T0 + TCrin(p2) + TCrmin(t2) + TCmin(ps)
+ TCuin(ts) + TCrmin(ps) + (FIREgu:(t2)
+FIREqur(t4))]} + TComin(ts)
=Max{[T0+ (0+2+0+0+0)+(8+5)],
[T04+(0+2+5+0+0)+(84+25)]} +0
= Max{(T0+ 2+ 13),(T0+ 7+ 33)}
=70+ 40

LFET(¢5)

= Min{[Min{TCax(ps5); TOmax(ts)}
+ T0 + TCrax(p2) + TCmax(t2) + TCrnax(pa)
+ Tcmax(tB»)L
Min{TCmax(P6), TCrmax(t5)}
+ T0 + TCrmax(p2) + TCrmax(t2) + TCmax(ps)
+TCmax(ta)]}

= Min{[oo + 70 + oc + 10 + oo + o],
[15+ 70 + oo + 10 4+ o0 + ool }

LFET(t5) — EFBT(t5) = 0o — (T0+ 40) = x
> FIREdm—(t5) = 15.

Therefore, ¢5 is a SST.
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For transition, t7, whose 6(M7) = (pat7), we have

EFBT(Z7) =T0+ TCmin(pz) + TCmin(t7)
=T0+0+10
=T0+ 10

LFET(t7) = Min{TCpnax(p2), TCrax(t7)} + T0
=30+T0

LFET(t7) — EFBT(t;) = TO + 30 — (T0 + 10) = 20
> FIREqy(t7) = 2.

Therefore, ¢t7 is a SST.
For transition, tg, whose §(Msg) = (p2t7psts), we have

EFBT(tg) = T0 + TCumia(p2) + TComin(t7)
+ TCmin(ps) + FIREgu(t7) + TCuin(ts)
=T04+0+104+1+2+0
=T0+ 13

LFET(ts) = Min{TCmax(ps), TCrmax(ts)}
+T0 + TCrmax(p2) + TComax(t7)
=00+ T0 + oo + 30

=&

LFET(ts) — EFBT(ts) = 0o — (T0 + 13) = oo
> FIRE g (ts) = 200.

Therefore, tg is a SST.

2) Backward Computation: As shown in Fig. 3(c), we
highlight those transitions whose LFET(¢;) are denoted as
infinity because the default value of TC,,ax is infinity. In
this subsection, we use backward computation to refine such
infinity to a meaningful upper bound for each transition. The
backward computation is based on the temporal order of a
transition’s firing within a firing sequence. If we can find a
transition, ¢;, whose LFET(¢;) is bounded, then we can find
an upper bound of LFET for all the transitions that fired before
t;. The backward computation is conducted by computing the
LFET(t;) for each transition, ¢;, using the following equation:

LFET(¢;) = Min{LFET(t;) — FIREqu:(tx) — TCnmin(pk)}
where p, € OP(¢;) and py € IP(t).
The computation of LFET(t;) for each transition, ¢;, with
infinity shown in Fig. 3(c) is as follows, and the result is
shown and highlighted in Fig. 3(d)
LFET(¢5) = LFET(t6) — FIRE4ur(ts) — TCmin(Ps)
= (T0+65) — 10 — 0
=T0+ 55

LFET(t3) = LFET(t5) — FIREqu:(t5) — TCrmin(Ps)
=(T0+55)-15-0
=T0+ 40

LFET(t4)
= LFET(¢5) — FIREqu(t5) — TCmin(Ps)
= (T0+55) — 15— 0
=T0+ 40

LFET(t2) = Min{[LFET(t3) — FIREqu(t3) — TCpmin(P2)],
[LFET(ts) — FIREaur(ts) = TCmin(Ps)}
= Min{(70 + 40 — 5 — 0), (70 + 40 — 25 — 5)}
= Min{70 + 35, T0 + 10}
=T0+ 10

LFET(ts) = LFET(to) — FIREqur(to) — TConin(Ps)
= (T0+45)—10-0
=T0+35

LFET(¢7) = LFET(ts) — FIREqu(ts) — TCrmin(Pr)
= (T0+35)—20—1
=TO+ 14.

Combining forward and backward computation provides de-
signers of a real-time system with a more meaningful timing
specification.

E. Run-Time Analysis of the Schedulability Problem

The analysis presented so far is completely based on the
specification in TCPN’s before the real execution. For a safe
and schedulable TCPN, we say that it is an asserted TCPN
with respect to the given requirements specification. A similar
analysis can be performed after the execution for the run-
time testing and debugging, since the post-mortem analysis
is based on the collected execution histories [24], [25], [28].
If any nonsafe place or nonschedulable transition is detected,
then the detected places and the transitions are the most likely
causes of the timing constraint violations.

Theorem 4: A transition which is live in PN’s is not neces-
sarily a weakly or strongly schedulable transition in TCPN’s.
However, a transition which is dead in PN’s is definitely a
nonschedulable transition in TCPN’s.

Proof: Due to the stringent firing rules of TCPN’s, the
firing of a transition can only be started and must be completed
within the time pair (TCpin, TCmax), or the transition is
disabled. Therefore, a live transition in PN’s could become
dead because of the imposed timing constraints.

Theorem 5: A place which is safe in PN’s and time (timed)
PN’s is not necessary safe in TCPN’s. However, a place which
is safe in TCPN’s is definitely safe in both PN’s and time
(timed) PN’s.

Proof: According to the strong firing mode of time PN’s,
a transition must fire and will consume one token from each of
its input places at the maximum timing constraint. In contrast,
in TCPN’s, a nonschedulable transition will not be fired in this
case, and will not consume any token which causes its input
places to accumulate tokens and makes the net nonsafe.



TSAI et al.: TIMING CONSTRAINT PETRI NETS

Theorem 6: For a nonsafe place p; in TCPN’s, the firing
sequence which includes p; is the bottleneck of performance,
or the output transitions of p; is too slow to meet the timing
constraints.

Proof: For a nonsafe place p;, a token is trapped because
the firing sequence which includes p; takes too much time to
move a token into p;. Thus, p;’s output transitions do not have
enough time to consume tokens. A bottleneck in the system
performance has then been found.

For example, in PN’s or time (timed) PN’s modeling,
all places shown in the net fragment in Fig. 3(b) are safe.
However, it is not the case in TCPN’s modeling and analysis,
because any place may be nonsafe after a few runs of the
specification if some of the transitions are too slow to react.
Assuming place po is nonsafe after a few runs of the spec-
ification, then we can detect that transition, ¢; (sampling) is
too slow to collect enough data. To solve this, we can modify
the specification by relaxing the timing constraints in certain
places.

V. CONCLUSION AND FUTURE RESEARCH

TCPN’s and their application to the schedulability analysis
of a real-time system specification are presented in this paper.
Our schedulability analysis always computes the worst case
of the scheduling of a system specification with respect to
the imposed timing constraints. Once all transitions in a firing
sequence of a final marking M,, in a TCPN are verified to be
strongly schedulable with respect to the initial marking, we say
that such a specification is asserted with respect to its timing
requirements. In addition, throughout the example of modeling
and analyzing a real-time control system, we successfully
demonstrated that it is possible to perform the specification and
the scheduling analysis using the same representation, that is
using TCPN’s.

The analysis presented in this paper is based on the system
specification in a TCPN before its execution. However, we
believe a similar analysis can be applied as well to the run-time
testing and debugging. In our future research, we will integrate
our former research results [24]-[27] with the schedulability
analysis method presented in this paper. The target code of
an asserted specification will be executed on a realistic or
simulated target system to collect its run-time information.
Once the run-time information is collected, along with our
visualization and debugging method, the schedulability anal-
ysis is able to detect the run-time errors with respect to the
timing requirements from the specification phase.

APPENDIX

In this appendix, we use a patient monitoring system to
illustrate the usability of our approach. We show how TCPN’s
can easily model concurrence, and how TCPN’s can clearly
represent timing requirements. TCPN’s are also useful in
denoting conflicting transitions or case conditions based on
their timing priorities. It will also be shown in this example
that additional timing assertions can be easily verified against
the timing constraints.
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A patient monitoring system is used to monitor a patient’s
pulse rate and oxygen saturation based on the signals obtained
from the sensors attached on patient’s skin. In this example,
we divide a monitoring system into three subsystems: a
sampling subsystem, an analysis subsystem, and an alarm
subsystem. Their functional and timing specification as well
as the imposed timing assertions (timing constraints) are
described as follows.

1) Functional Specifications:

FS1: The three subsystems, sampling, analysis, and alarm

subsystems run concurrently when the power is on.

FS2: The sampling subsystem samples the pulse signal

periodically, the analysis subsystem is activated each time

a sampled signal is received from the sampling system. The

alarm subsystem is activated only when an abnormal signal

is detected.

FS3: Once the signals are sampled, the signals are processed

by one of the three processors, then sent to the analysis

subsystem for the analysis of pulse rate and oxygen satu-
ration. The sampling and analysis subsystems communicate
asynchronously.

FS4: After receiving sampled signals from the sampling

subsystem, the analysis subsystem calculates and displays

the analyzed signals on a screen, and compares them against
the preset index figures to detect any abnormal situations.

FS5: The analysis subsystem always looks for an abnormal

situation first. If the analyzed figures are greater or less than

the index Figs., the analysis subsystem sends a message
to the alarm subsystem and displays the abnormal signals.

If no abnormal is detected, it simply displays the normal

signals. The analysis and alarming subsystems communicate

synchronously.

FS6: The alarm subsystem continues to signal an alarm until

someone turns off the alarm.

2) Timing Specifications:

TS1: Assume the sampling subsystem samples the pulse

signal every 30 milliseconds (ms). The time for pulse

searching is 20 ms.

TS2: A signal will be processed by an available processor

which has the highest priority and is ready for processing.

Processor 1 (P1) has the highest priority for processing a

signal. If P1 is still busy for 1 ms after the signal has

arrived, then P2 will process the signal. If both P1 and

P2 are busy for 2 ms after the signal has arrived, then P3

will process the signal. It takes 5 ms for each processor to

process a signal and another 5 ms to prepare the processor
for the next signal.

TS3: A signal will be ready after 2 ms and must be ready for

sending within 5 ms after the signal is processed. Sending

a signal takes 6 ms.

TS4: In the analysis subsystem, receiving a signal from the

sampling subsystem takes S ms, calculating the figures for

signals takes 20 ms, displaying the background on screen
takes 10 ms, and displaying the calculated figures on screen
takes 10 ms. Normal signals are ready for display 6 ms later
if no abnormal signals are detected. It takes 2 ms for the
normal signal to be displayed, and it must be ready within



8 ms. Detecting any abnormal situation takes 5 ms. The
analyzed signals are always displayed regardless of whether
they are normal or not, and both takes 10 ms.

TSS: In the analysis subsystem, sending takes 5 ms and
because of the communication delay, the message is not
available until 5 ms later and must be received within 20
ms after it has been sent.

TS6: In the alarm subsystem, receiving messages takes
5 ms, while returning acknowledgments from a receiver
takes another 5 ms. Due to communication delays, the
acknowledgment is not available until 5 ms later and must
be received within 20 ms after it has been sent. It takes 5 ms
to initialize first alarm. The sampling subsystem also takes
5 ms to receive the acknowledgments.

3) Timing Assertions:

TA1: Signals must be sent from the sampling subsystem to
the analysis subsystem within 15 ms once the signals are
sampled.

TA2: Once the analysis subsystem receives the sampled
signals, it must display the analyzed signals within 50 ms
if they are normal.

TA3: Once the analysis subsystem receives the sampled
signals, it must display the analyzed signals within 50 ms
if they are abnormal.

TA4: The alarming subsystem must issue an alarm within
25 ms once any abnormal signal has been found in the
analysis subsystem.

Without a graphical representation, understanding the re-
lationship among the specifications is very time-consuming
and error prone, not to mention verifying their schedulability
against the timing requirements and timing assertions. In the
following, we can see how TCPN’s are useful in visualizing
and analyzing such specifications. Using TCPN’s to verify
a schedulable transition is very straightforward; it simply
follows the theorems derived in this paper. What follows is
how we verify the four timing assertions. We first model a Petri
net NV, based on the functional specifications, then we simulate
a reachable marking using the reachability analysis of PN’s.
Second, we impose the timing specifications into N, to form a
timing constraint Petri net N,. The timing assertions are also
added to N, to verify the timing assertions. The verification is
performed by determining if the desired final markings of N,
are reachable in TCPN’s. That is, to analyze whether the last
transition whose firing leads to the final marking is schedulable
with respect to the initial marking.

Since we are interested in the timing behavior between two
transitions, the reachability of /N, can be reduced to the places
and transitions between the two transitions. We also set the
default values of place time pairs or transition time pairs
as (0, co) and the default value of a transition duration as (0).
Abbreviations used in Fig. 4 are summarized in Table I and I

For TAl, we let Mjy be the marking after the firing of
transition sam which is (ISR, P1R, P2R, P3R, TA1) and A,
be the final marking after transition ssg which is (SIG). There
are four firing sequences for a reachable M;,, from M;q in
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TABLE 1
ABBREVIATIONS OF PLACES DENOTED IN FIG. 4
Places Places

ADD: Abnormal Display is Done RDL: Ready to Displa
AKR AcKnowledgement is Ready RDS: to Display Signal
| AMR: AlacM subsysiom Ready RNA: Ready for Next Alam
ASR: AnalySysis subsystem Ready RRM: Ready to Receive Message
FAN: Found AbNormal RTS: 1o detecT calculated Si;
ISR: Incoming Signal is Ready for processing | SGR: sampled SiGnal Ready to be sent
MIR: Messag Is Received SIG: sampled incoming SIGnal

MGR: MessaGe is Ready SMD: ing Msg to alarm subsystem is Done

NDD: Normal Display is Done

SMP: SaMpling subsystem's sampling period

NSR: Normal Signal display is Ready

P1D: processing in Processor 1 is Done

SMR: SaMpling subsysiem Ready
TAL: Timing Assertion 1

P1R: Processor 1 Ready TA2: Timing Assertion 2

P2D: processing in Processor 2 is Done
P2R: Processor 2 Ready
P3D: processing in Processor 3 is Done
P3R: Processor 3 Ready
P4R: Processor 4 Ready

TA3: Timing Assertion 3
TA4: Timing Assertion 4
W4A: Waiting for Ack

ledgement

RAM: Ready to AlarM

TABLE 1I
ABBREVIATIONS OF TRANSITIONS DENOTED IN FIG. 4

Transitions

Ilam: 1st alarm

cal: calculating incoming signals
cam: continue to alarm

dad: set display abnormal data done
dan: detecting abnormal

das: displaying abnormal signal
dib: displaying background

dnd: set display normal data done
dns: displaying normal signal

plp: processor 1 is processing

_p2p: processor 2 is processing
p3p: processor 3 is processing
pns: prepare normal signal display
rak: sender receiving acknowledgment from receiver
rec: receiving message
rr: set ready to receive
rts: set ready to sample
rss: receiving signals
s1r: set processor 1 ready
s2r: set processor 2 ready
s3r: set processor 3 ready
sak: receiver sending acknowledgment to sender
sam: sampling subsystem is sampling signals
sen: sending message

ssg: sending signal to analysis subsystem

syn: synchronizing three subsystems
toa: tumn off alarm
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Fig. 4. A TCPN of a patient monitoring system.

this case:
81(M1,,) is(ISRp1pP1Ds1rSGRssg)
82(My,,) is(ISRp2pP2Ds2rSGRssg)
83(Myy) is(ISRp3pP3Ds3rSGRssg)
84(Myy,) is(TAlssg)

From Theorem 2, we have

EFBT(ssg) = Max{[FIREpq(sam)
+ (Tcmin(ISR) + TCmin(plp)
+ TComin(P1D) + TCpin(slr)
+ TCrmin(SGR) + TCpin(559)
+ FIRE4u:(p1p) + FIREgy, (s17)],
[FIREend (sam)
+ (TCmin(ISR) + TCmin(p2p)
+ TCpmin(P2D) + TCrin(s2r)
+ TCin(SGR) + TCmin(ss9)
+ FIREqu:(p2p) + FIRE .. (s27)],
[FIREenq(sam)
+ (TCrmin(ISR) 4+ TCxin(p3p) + TCpmin(P3D)
+ TCrmin(837) + TCpmin(SGR) + TCpmin(ss9)
+ FIREqu: (p3p) + FIREqy.(s3r)],
[FIREena(sam) + TCpin(s89) + TCmin(TAL)]}
= Max{[FIREend(sam) +0+0+0+0
+2+0+545],
[FIREena(sam) +0+1+0+0+2+ 0+ 5+ 5],
[FIREcna(sam) +0+2+0+0+2+0+ 5+ 5],
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[FIRE gn4(sam) + 0+ 0]}
= Max{FIREpq(sam) + 13, FIRE¢nq(sam) + 14,
FIRE,,4(sam) + 15, FIRE¢nq(sam)}
FIREna(sam) + 15

LFET(ssg) = Min{[FIRE,n4(sam)
+ (TCmax(ISR) + TCrmax (plp) + TCmax(P1D)
+ TCmax(517) + TCrnax (SGR)]
[FIREeng(sam) + (TCrax(ISR) + TCumax(p2p)
+ TCrmax(P2D) 4+ TCmax(s2r) + TCrmax (SGR)],
[FIREend(sam) + (Tcmax(ISR) + Tcmax(p3p)
+ TCrmax(P3D) + TCrmax(837) + TCrmax(SGR)],
[FIREend(sam) + (TCmax(TA1)}
= Min{[FIRE¢n4(sam) + co + 5 + 0o + 00 + 5],
[FIRE pa(sam) 4+ oo + 6 + oo + oo + 5],
[FIREenq(sam) + oo + 7+ 0o + oo + 5},
[FIREend(sam) + 20]}
= Min{FIREna(sam) + 00, FIREyq(sam) + oc,
FIREcnq(sam) + oo, FIREepa(sam) + 20}
= FIREcpq(sam) + 20

FIRE,( ssg) = 6, From Theorem 2, we have,

LFET(ssg) — EFBT( ssg) = [FIREena(sam) + 20]
— [FIREenasam) + 15] = 5 < FIREqu:(s39).

Therefore, M7, is not reachable from My in TCPN’s
even though it is reachable in PN’s, and transition ssg is not
schedulable with respect to M. From Theorem 6, we can find
that the bottleneck is due to the firing sequence, 63(Mi,),
(ISR p3p P3D s3r SGR).

A similar method is used to verify the reachability of Ma,,,
Mas,,, and My,. We only show the firing sequence of each
marking with respect to their own initial marking and the final
analysis results. Detailed computations are similar to the one
used to verify TAL.

For TA2, we let My, be the marking after the firing of
transition rss which is (P4R TA2 TA3) and Ms,, be the final
marking after transition dns which is (NDD). There are three
firing sequences for a reachable My, from My in this case:

§.(May) is (P4RcalRDIdibRDSdns)
82(May,) is (P4RcalRTS PN’s NSRdns)
§3(May) is (TA2dns)

EFBT(dns) = FIREena(rss) + 32
LFET(dns) = FIREena(rss) + 50

FIREg4u:(dns) = 10. From Theorem 2 we have,

LFET(dns) — EFBT( dns) = [FIREepa(rss) + 50]
— [FIREena(rss) + 32] = 18 > FIRE gy, (dns).

Therefore, Ms,, is reachable in TCPN’s from M3, and
transition dns is schedulable with respect to Mag.
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For TA3, we let M3, be the marking after the firing of
transition rss which is (P4AR TA2 TA3) and Ms,, be the final
marking after transition das which is (ADD). There are four
firing sequences for a reachable Mj, from M3 in this case:

61(Msy) is (P4RcalRDIdib
RDSdas)

02(Ms3y) is (P4RcalRTSdan
FANsen)W4ArakSMDdan)

83(M3,) is (P4RcalRTSdan
FANsen)MGRrecMIRsak
AKRrakSMDdas)

64(Msy,) is (TA3das)

EFBT(das) = FIRE.,q(rss) + 55
LFET(das) = FIREcpq(rss) + 50

FIRE y,(das) = 10. From Theorem 1, we have,

LFET(das) — EFBT(das) = [FIREuq(rss) + 50]
— [FIREpq(rss) + 55] = -5 < 0.

Therefore, Ms, is not reachable from M3, in TCPN’s
even though it is reachable in PN’s, and transition das is not
schedulable with respect to M3sy.

For TA4, we let My be the marking after the firing of
transition dan which is (FAN TA4) and M,, be the final
marking after transition lam which is (RNA). There are two
firing sequences for a reachable My, from Myg in this case:

61(Myy,) is (FANsenMGRrec MIRsakRAM1am)
52(M4n) is (TA41am)

EFBT(lam) = FIREeqq4(dan) + 20
LFET(1am) = FIREy4(dan) + 25

FIREgu(lam) = 5. From Theorem 2, we have,

LFET(1am) — EFBT(1am) = [FIRE.,q(dan) + 25]
— [FIREepa(dan) + 25] = 5.

Therefore, My, is reachable in TCPN’s from M,, and
transition lam is schedulable with respect to M.
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