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E-SYMPLECTIC FORMALISM ON LIE ALGEBROIDS

M. DE LEON, D. MARTIN DE DIEGO, M. SALGADO, AND S. VILARINO

ABSTRACT. In this paper we introduce a geometric description of Lagrangian and Hamil-
tonian classical field theories on Lie algebroids in the framework of k-symplectic geome-
try. We discuss the relation between Lagrangian and Hamiltonian descriptions through
a convenient notion of Legendre transformation. The theory is a natural generalization
of the standard one; in addition, other interesting examples are studied, in particular,
systems with symmetry and Poisson sigma models.
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1. INTRODUCTION

The notion of Lie algebroid is a generalization of both the concept of a Lie algebra and
the concept of an integrable distribution. The idea of using Lie algebroids in Mechanics is
due to A. Weinstein [47]. He introduced a new geometric framework for the description of
Lagrangian Mechanics. His formulation allows us to describe geometrically, in a unified
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way, different types of dynamical systems; such as those whose lagrangian systems whose
phase spaces are Lie groups, Lie algebras, cartesian products of manifolds or quotient
manifolds (as it happens, for instance, in the reduction theory, where the reduced phase
spaces are not, in general, tangent or cotangent bundles). This approach was followed
and completed by other authors in order to study different kinds of problems concerning
mechanical systems (a good survey on this subject is [19]).

In this paper we will study an extension of mechanics on Lie algebroids to classical
field theories. Classical field theories on Lie algebroids have already been studied in the
literature. For instance, the multisymplectic formalism on Lie algebroids was presented
in [32, 33]. In [45] a geometric framework for discrete field theories on Lie groupoids has
been discussed.

The multisymplectic formalism was developed by Tulczyjews school in Warsaw (see, for
instance, [17]), and independently by Garcia and Pérez-Rendén [10, 11] and Goldschmidt
and Sternberg [12]. This approach was revised, among others, by Martin [28 29] and
Gotay et al [13] and, more recently, by Cantrijn et al [9].

An alternative way to derive certain types of the field equations is to use the Giinther (k-
symplectic) formalism. The k-symplectic formalism is the generalization to field theories
of the standard symplectic formalism in Mechanics, which is the geometric framework for
describing autonomous dynamical systems. In this sense, the k-symplectic formalism is
used to give a geometric description of certain kinds of field theories: in a local description,
those theories whose Lagrangian and Hamiltonian do not depend on the base coordinates,
denoted by (t!,...,t*) (in many of the cases defining the space-time coordinates); that
is, the k-symplectic formalism is only valid for Lagrangians L(q’,v%) and Hamiltonians
H(q', p/) that depend on the field coordinates ¢' and on the partial derivatives of the
field v, or the corresponding moment p?. To treat with that general situation we need
to extend the formalism using k-cosymplectic geometry, see [24] 25].

Giinther’s paper [I4] gave a geometric Hamiltonian formalism for field theories. The
crucial device is the introduction of a vector-valued generalization of a symplectic form,
called a polysymplectic form. One of the advantages of this formalism is that one only
needs the tangent and cotangent bundle of a manifold to develop it. In [36] Giinther’s
formalism has been revised and clarified. It has been shown that the polysymplectic
structures used by Giinther to develop his formalism could be replaced by the k-symplectic
structures defined independently by Awane [2] 3], L. K. Norris [34], 37, 38|, 39, 40] and
de Leon et al. [20, 22]. So this formalism is also called k-symplectic formalism (see also
[21], 23]).

The purpose of this paper is to give a k-symplectic setting to first-order classical field
theories on Lie algebroids. In the k-symplectic setting we will present a geometric de-
scription of Lagrangian and Hamiltonian classical field theories on Lie algebroids and we
will find the relation between the solutions of both formalism when the Lagrangian is
hyperregular.

The organization of the paper is as follows. In section 2 we recall some basic elements
from the k-symplectic approach to first order classical field theories. In section 3 we
recall some basic facts about Lie algebroids an the differential geometry associated to
them. In this section we also describe a particular example of Lie algebroid, called the
prolongation of a Lie algebroid over a fibration. This Lie algebroid will be necessary for
the further developments. In section 4 the k-symplectic formalism is extended to the
setting of Lie algebroids. The subsection 4.1 describe the Lagrangian approach and the
subsection 4.2 describe the Hamiltonian approach. These formalism are developed in an
analogous way to the standard k-symplectic Lagrangian and Hamiltonian formalism. We
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finish this section defining the Legendre transformation on the context of Lie algebroids
and we establish the equivalence between both formalism, Lagrangian and Hamiltonian,
when the Lagrangian function is hyperregular. In section 5 we show some examples where
the theory can be applied to the Poisson-Sigma model or first order field theories with
symmetries.

All manifolds and maps are C'™°. Sum over crossed repeated indices is understood.
Along this paper one k-tuple of elements will be denoted by a bold symbol.

2. GEOMETRIC PRELIMINARIES

In this section we recall some basic elements from the k-symplectic approach to classical
field theories. The contents of this section can be found in [14] 36, [41].

2.1. The tangent bundle of k'-velocities of a manifold. Let 7 : TQ — @ be the
tangent bundle of (), where @ is as n-dimensional differentiable manifold. Let us denote by
T;}Q the Whitney sum TQ® .%. ®TQ of k copies of TQ, with projection 74 : T;)Q — Q,
76 (Vg - Ukg) = ¢, where v, € T,Q, A=1,... k.

T!Q can be identified with the manifold Jg§(R¥, Q) of k'-velocities of Q, that is, 1-jets
of maps o : R¥ — @ with source at 0 € R”, say

JA(R* Q) TQ® k. oTQ

jé,qo— (U1q> s avkq)

0
where ¢ = 0(0), and vy, = a*(O)(at—A ). Here (t',...,t*) denote the standard coordi-
0

nates on R*. T} Q is called the tangent bundle of k'-velocities of Q (see [35]).
If (¢') are local coordinates on U C @ then the induced local coordinates (¢, v?),

1<i<n,onTU = Tél(U) are expressed by
q¢'(vg) =q'(a),  v'(vg) = v4(q")
and the induced local coordinates (¢,v%), 1 <i < n,1 < A<k, on T}U = (75)""(U)
are given by
qi(’Ulq, . ,qu) - ql(q)a ,Ufél(vlm e ,’qu) = UAq(qi) .

Let f: M — N be a differentiable map, then the induced map T} f : TAM — TN
defined by T} f(joo) = jo(f o o) is called the canonical prolongation of f. Observe that
from its definition:

Tk}f(vlw s avk’q) = (f*(Q)(Ulq)> BRI f*(Q)(qu)) )
where vy, ..., v, € T,Q, q € Q.

2.2. k-vector fields and integral sections. Let M be an arbitrary manifold.

Definition 2.1. A section X : M — TYM of the projection 75, will be called a k-vector
field on M.

Since T}! M is the Whitney sum TM® k. @TM of k copies of TM, we deduce that to
give a k-vector field X is equivalent to give a family of k vector fields Xi,..., Xy on M
obtained by projecting X on each factor. For this reason we will denote a k-vector field
by X = (Xy,..., Xk).
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Definition 2.2. An integral section of the k-vector field X = (Xi,...,Xk), passing
through a point x € M, is a map : Uy C R¥ — M, defined on some neighborhood
Uy of 0 € R¥, such that
¥(0) =z, . (t) ((9%‘ ) = Xa(y(t)), foreveryte Uy, 1<A<k
t

or, equivalently, 1 satisfies that X o) = 1) where 1) is the first prolongation of ¥ to

TIM defined by
0
t) 77¢*(t) (%‘t)) )
where Yg(s) = Y(t +s).

W Uy cRFY — TIM
A Ek-vector field X = (X1,..., Xy) on M is said to be integrable if there is an integral
section passing through every point of M.

e — o0 =in = (00 (5

ot!

Remark 2.3. In the k-symplectic formalism, the solutions of the field equations are
described as the integral sections of some k-vector fields. Observe that, in the case k =1,
this definition coincides with the classical definition of integral curve of a vector field. ©

In a local coordinate system, if 1) (t) = (¢)'(t)) then one has

21) o) = (v, 5

), 1<A<k,1<i<n,
t

and 1) is an integral section of (X7, ..., X}) if and only if the following equations holds:

o

(2.2) o

=X4o09 1<A<Ek 1<i<n,

0
oqt

being X4 = X

2.3. The cotangent bundle of k!-covelocities of a manifold. Let () be a differen-
tiable manifold of dimension n and 7o : T — @ its cotangent bundle. Denote by
(TH*Q = T*Q® .*. ®T*Q the Whitney sum of T*Q with itself k times, with projection
map ﬁg: (TH*Q — Q, Wg(alq, ) =

Observe that the manifold (7}')*Q can be canonically identified with the vector bundle
JHQ,RF)g of k'-covelocities of the manifold @, the manifold of 1-jets of maps o: Q — R*
with target at 0 € R and projection map 7f,: J'(Q,R*)g — Q, 7§, (ja 00) = ¢; that is,

JHQ, R)o T*Qa 5. &T*Q
Ja00 (do1(q), - -, dow(q))
where 04 = praoo : Q — R is the A-th component of o, and prs: R* — R are the

canonical projections, 1 < A < k. For this reason, (7T}})*@ is also called the bundle of
kt-covelocities of the manifold Q.

If (¢°) are local coordinates on U C @, then the induced local coordinates (¢°, p;),
1<i<n,onT*U = (mg) *(U), are given by
)

¢'(ag) =¢'(q), pilag) = aq (a((j]i
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and the induced local coordinates (¢',p;'), 1 <i <n, 1 <A<k, on (T;)*U = () (U)
are
i i A 9
q(alqu"'aakq)ZQ(Q>7 b; (Oélq,...,Oékq):OéAq g .
q lq
We can endow (T})*@ with a k-symplectic structure given by the family (w!,...,
w*; V' = ker T'my) where each w® is the 2-form given by

A

w? = (Wg’A)*wQ, 1<A<LE,

being WZ’AI (TH*Q — T*Q the canonical projection onto the A-copy T*Q of (T})*Q
and wq is the canonical sympletic form on 7%(Q). Therefore, in local coordinates, we have
w? = dq* A dp?. (See [2, 3] 36l [41])

3. LIE ALGEBROIDS

In this section we present some basic facts on Lie algebroids, including results from
the associated differential calculus and Lie algebroids morphisms, that will be necessary
for the further developments. We refer the reader to [4], [15, 26] 27] for details about Lie
groupoids, Lie algebroids and their role in differential geometry.

3.1. Lie algebroid: definition. Let F be a vector bundle of rank m over a manifold
@ of dimension n and 7 : F — @ be the vector bundle projection. Denoted by Sec(E)
the C°°(Q)-module of sections of 7 : E — Q. A Lie algebroid structure ([-, ], pg) on
E is a Lie bracket [-,-]g : Sec(E) x Sec(E) — Sec(E) on the space Sec(E), together
with a bundle map pg : £ — TQ, called the anchor map, such that if we also denote by
pE - Sec(E) — X(Q) the homomorphism of the C*°(Q)-modules induced by the anchor
map then it is satisfied the following compatibility condition

[o1, foole = flor, 02]e + (pe(o1)f)os.

Here f is a smooth function on @), o0y, 0, are sections of £ and we have denoted by
pe(o1) the vector field on @ given by pg(01)(q) = pr(o1(q)). The triple (E, [, ], pr) is
called a Lie algebroid over (). From the compatibility condition and the Jacobi identity,
it follows that the anchor map pg : Sec(E) — X(Q) is a homomorphism between the Lie
algebras (Sec(E), [+, -]r) and (X(Q),[,])-

Some examples of Lie algebroids over () are:

(i) Real Lie algebras of finite dimension. Let g be a real Lie algebra of finite
dimension. Then, it is clear that g is a Lie algebroid over a single point.

(ii) The tangent bundle. Let T'Q) be the tangent bundle of a manifold ¢). Then,
the triple (7'Q, [-, -], idrq) is a Lie algebroid over @), where idpg : TQ — TQ is
the identity map.

(iii) Another interesting example of a Lie algebroid may be constructed as follows.
Let # : P — @ be a principal bundle with structural group G. Denote by
® : G x P — P the free action of G on P and by T® : G x TP — TP the
tangent action of G on T'P. Then, one may consider the quotient vector bundle
Tpic : TP/G — @ = P/G and the sections of this vector bundle may be identified
with the vector fields on P which are invariant under the action ®. Using that
every G-invariant vector field on P is m-projectable and the fact that the standard
Lie bracket on vector fields is closed with respect to G-invariant vector fields, we
can induce a Lie algebroid structure on TP/G. The resultant Lie algebroid is
called the Atiyah (gauge) algebroid associated with the principal bundle
m: P — Q (see [19, 26]).
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Along this paper, the Lie algebroid will play the role of a substitute of the tangent
bundle of @). In this way, one regards an element e of F as a generalized velocity, and the
actual velocity v is obtained when we apply the anchor map to e, i.e. v = pg(e).

Let (¢%)7; be local coordinates on @ and {e,}1<a<m be a local basis of sections of 7.
Given e € E such that 7(e) = ¢, we can write e = y®(e)en(q) € E,, thus the coordinates
of e are (¢'(e),y“(e)). Therefore, each section o is locally given by U‘U = y%e,.

In local form, the Lie algebroid structure is determined by a set of local functions
P, €Lz on Q. They are determined by the relations

; 0
(31) pE(ea) - paa—qi7 [[ean 65]]5) = G;ﬁ‘SW :

The functions p!, and Glg are called the structure functions of the Lie algebroid in the
above coordinate system. They satisfy the following relations (as a consequence of the
compatibility condition and Jacobi’s identity):

. 88” . 6,0" . api .
3.2 p—=2 e G“)zO , Pl g e i
( ) cydicz(a:“&’y) < aqz By aq] B aq] vy~ af

which are usually called the structure equations of the Lie algebroid E.

3.2. Exterior differential. The structure of Lie algebroid on E allows us to define the
exterior differential of E, d¥ : Sec(\' E*) — Sec(AN'! E*), as follows

I+1
dE/L(O'I, s aJH-l) = Z(_l)z—i_lpE(O—i)la(O—l) s ao/-\ia cee aJH-l)
(3.3) i1
+ Z(—l)zﬂu([ai,aj]};,al, ey Oy Oy OL41)
i<j

for pn € Sec(\' E*) and o1, . .., 0141 € Sec(E). Tt follows that d” is a cohomology operator,
that is, (d¥)? = 0.

In particular, if f : @ — R is a real smooth function then d¥f(c) = pgr(o)f, for
o € Sec(E). Locally, the exterior differential is determined by

, . 1
dfq' = ple® and dPe’ = —5(32560‘ NeP,

where {e“} is the dual basis of {e,}.

The usual Cartan calculus extends to the case of Lie algebroids: for every section o of
E we have a derivation 1, (contraction) of degree —1 and a derivation L, = 1, 0d + d o1,
(Lie derivative) of degree 0 (for more details, see [26], 27]).

3.3. Morphisms. Let (E, [, ]r, pr) and (E', [, ]z, prr) be two Lie algebroids over Q
and @' respectively, and suppose that ® = (®, @) is a vector bundle map, that is ¢ : £ —
E' is a fiberwise linear map over ® : Q — @'. The pair (®, @) is said to be a Lie algebroid

morphism if
(3.4) dE(@*0’) = d*(d¥¢’), for all o' € Sec(N\'(E')*) and for all .

Here ®*0’ is the section of the vector bundle A' E* — Q defined (for I > 0) by

(3.5) (@70 )4(er,. .- 1) = 04 (P(e1), ..., Pler)),
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for ¢ € Q and ey, ..., e € E,. In particular when @) = Q) and ® = idg then (3.4) holds if
and only if

[Poo,®oay]w =®lor,00]p, pe(Poo)=prlc), foro o, os€ Sec(E).

Let (¢°) be a local coordinate system on @ and (g') a local coordinate system on Q'
Let {en} and {€5} be a local basis of section of E and E’, respectively, and {e*} and {&}
their dual basis, respectively. The vector bundle map ® is determined by the relations
d*q' = ¢'(q) and P*e* = ¢fe’ for certain local functions ¢' and ¢§ on Q. In this
coordinate system ® = (®, ®) is a Lie algebroids morphism if and only if

- _ RGY% YA W
R ) (w;ai;f—(mg aﬁf;) € 0007,

In these expressions (pr)j,, €3, are the structure functions on £, and (per)L, é%‘ﬂ.{ are the

structure functions on E’.

3.4. The prolongation of a Lie algebroid over a fibration. (Sece [§, 15 19, 30]). In
this subsection we describe a particular example of Lie algebroid which will be necessary
for the further developments.

Let (E,[-, ], pr) be a Lie algebroid over a manifold @ and 7 : P — @ be a fibration.
We consider the subset of £ x TP
‘pr = {(e,vp) € Ey x T,P | pr(e) = Tym(vp)},
where T'r : TP — TQ is the tangent map to 7, p € P and 7(p) = gq.
TP =] 7P
peP

is a vector bundle over P with projection 7p : TP — P given by

7r(e;vp) = Tp(vp) = p,
being 7p: T'P — P the canonical projection.
Next, we will see that it is possible to induce a Lie algebroid structure on 7p: TP — P.
The anchor map p™ is given as follows: p™ : T¥P — TP, p™(e,v,) = vp.

In order to introduce a Lie bracket on Sec(T¥P), the set of sections of 7p, we first
consider a local basis of Sec(T P).

Given local coordinates (¢',u’) on P and a local basis {e,} of sections of E, we can
define a local basis {X, V,} of sections of 7p: T¥P — P by

, 0 0
. = o vl A% = YUn(p)s :
3D Xalp) = (el () 5| ) and Valp) = Ongi | )
If 2 = (e,v,) is an element of T¥P, with e = z%,, then v, is of the form v, =

i Lo 0 {0
Pa* g )p+v oul

, and we can write
p

z = 2Xa(p) + v Ve(p).

The anchor map p™ applied to a section Z of T¥P with local expression Z = Z“X,, +
VY, is the vector field on P whose coordinate expression is

T _ i 7« a l a
(3.8) p"(2) =pl,Z aqi—%vweff(P).
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Now, we will introduce a Lie bracket structure on the space of sections of T¥P. For
that, we say that a section Z of T P is projectable if there exists a section o of 7: E — @
and a vector field X € X(P), which is m-projectable to the vector field p(o) and such that
Z(p) = (o(n(p)), X(p)), for all p € P. For such a projectable section Z, we will use the
following notation Z = (0, X). It is easy to prove that one may choose a local basis of
projectable sections of the space Sec(TEP).

The Lie bracket of two projectable sections Z = (0, X) and Z’ = (¢, X”) is then given
by

(3.9) 12, ZT"(p) = ([0,0]£(q), [X, X'|(p)), pe€P qg=mn(p).

Since any section of 7¥ P can be locally written as a linear combination of projectable sec-
tions, the definition of the Lie bracket for arbitrary sections of 7% P follows. In particular,
the Lie bracket of the elements of the local basis {X,, V¢} of Sec(T¥P) is characterized
by the following expressions

(3.10) [Xao, Xg]™ = CL5X; [Xa, Vo] =0 [Ve,V,]" =0,
and, therefore, the exterior differential is determined by

dT°P ¢ = pixe dTPPut = ¢
(3.11) . ‘1 .

d7IXT = =S LX AT daTrvt =0

where {X® V*} is the dual basis to {X, V¢}.
The Lie algebroid T P is called the prolongation of the Lie algebroid E over the fibration

m: P — ). This Lie algebroid is very important in the k-symplectic formalism on Lie
algebroids as we will see in the following section.

4. CLASSICAL FIELD THEORIES ON LIE ALGEBROIDS: k-SYMPLECTIC APPROACH

In this section, the k-symplectic formalism for first order classical field theories (see
[14], [36], [41]) is extended to the setting of Lie algebroids. Thinking on a Lie algebroid E as
a generalization of the tangent bundle of (), we define the analog of the concept of field
solution to the field equations and we study the analog of the geometric structures of the
standard k-symplectic formalism.

In this section we will develop the Lagrangian and Hamiltonian k-symplectic formalism
on Lie algebroids (see subsections A.I] and [£.2). Moreover, we also describe the standard
Lagrangian and Hamiltonian k-symplectic formalism as a particular case of the formalism
developed here.

Along this section we consider a Lie algebroid (E, [-, ]z, pr) on the manifold Q. We
note this Lie algebroid by E.

4.1. Lagrangian formalism.

4.1.1. The manifold é E. The standard k-symplectic Lagrangian formalism is developed
on the bundle of k!-velocities of Q, T}!Q, that is the Whitney sum of k copies of T'Q. Since
we are thinking on a Lie algebroid E as a substitute of the tangent bundle, its natural to
think that in this situation, the analog of the bundle of k!-velocities T} @ is the Whitney
sum of k copies of the algebroid E.

We denote by
k
®F=Ed.* &F,
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the Whitney sum of k copies of the vector bundle F, with projection map
T :é E—Q,
given by 7(ey,,...,ex,) = q.
If (¢*,y*) are local coordinates on 71(U) C FE, then the induced local coordinates
(¢, y%) on 71(U) Qé E are given by
qi(elq, e Ehy) = q'(q), yaler,, ... en,) =y (ea,) -

Remark 4.1. Consider the standard case where £ = T'Q), prqg = idpg. If we fix local
coordinates (¢') on @, then we have the natural basis of Sec(TQ) = X(Q) given by

a n
{6_} . For this basis of section, obviously we have that Glﬁ = 0; moreover, the set
7 )i

Sec (é TQ) = Sec (T} Q) is the set X*(Q) of k-vectors fields on Q. o

4.1.2. The Lagragian prolongation. For the description of the Lagrangian k-symplectic
formalism on lie algebroids we consider the prolongation of a Lie algebroid E over the

k
fibration 7: @& E — @, that is, (see Section 3.4)),
k k ~
(1) TE( E) = {(eqv,) € B X T(® B/ prle,) = T, )}

k
where b, €® E,. Taking into account the description of the prolongation T¥ P (see for
instance, [8, 19, [30]) on the particular case P = E® .*. ®F we obtain:

k k k
(i) TE(@® E) = E x7o T(® E) is a Lie algebroid over & F with projection
~ 5k k k
Tk T@E)=ExrT(®FE) —®EFE
and Lie algebroid structure ([-,-]7, p” ) where the anchor map
- k k k
pr=ExprqT(®E): T (@ E)—T(®E)

is the canonical projection over the second factor.
We will refer to this particular Lie algebroid as the Lagrangian prolongation.

, k
(ii) If (¢',y%) denotes a local coordinate system of @ E then the induced local coor-
k k
dinate system on T#(® E) = F xpq T(& E) is given by

STl L xAxh, 1G>

where
qz(eqaqu) = qZ(Q)a yg(eqaqu) = yA(bQ)>
2(egvp,) = y¥(eg) s wilegvn,) = b, (¥3) -

(iii) The set {X,, VA} given by

(4.2)

k k k
Xo: OFE — TP(@OE) = ExpoT(dE)

(4.3)
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k
is a local basis of Sec(T¥(® E)) the set of sections of %E. (See (B20)).

- k k
(iv) The anchor map p”: T¥(® E) — T(® E) allows us to associate a vector field to
k k k
each section £: & F — TE(D E) = E x7q T(® E) of %E

Locally, if & writes as follows:
«a anrA E k
£ =Ny +E54V, € Sec(TH(@ E))

then the associated vector field has the following local expression, see (B.8]),

0

0
6Z+§A—€3€(@E)

(4.4) pT(E) = pug”
(v) The Lie bracket of two sections of 7, Tk, is characterized by the following expressions
(see (BI0)):
(4.5) [Xe, Xs]™ = ClsX, [Xo. VE]" =0 [V, VE]" =

(vi) If {X* V4} is the dual basis of {X,,V4}, then the exterior differential is locally
given by, (see (3.11))),

k k
dren s = oL, afzfxa (9f %, forall feC®(@E)
(4.6) ) 24 i .
dTE@E) XY = _éegﬁxa AXP,dTEERY, =0,

k
Remark 4.2. In the particular case £ = T'Q) the manifold T#(® E) turns into T(T}Q).
In fact, in this case we consider the prolongation of T'Q) over 7'5 : T'Q — Q. Thus from

(A1) we obtain
TS TQ) = TTO(T}Q)
) = [y vw,) € TQ X TT}Q) 1, = T(r)(0w,)}
= {(T(8)(vw,), vw,) € TQ x T(T;Q)/ Wy € T Q}

= {uy, € T(T}Q)/ w, € T}Q} = T(T}Q)
o

4.1.3. The Liouville sections and the vertical endomorphism. On ‘J'E(é E) we are going
to define two families of canonical objects: Liouwville sections and vertical endomorphism
which corresponds with the Liouwville vector fields and the k-tangent structure on T} Q,
when we consider the particular case £ = T'Q). (See [14] 36], 41]).

k k
Vertical A-lift. (See, for instance [§]). An element (eq, vp,) of T#(® E) = ExpoT(® E)
is said to be vertical if

(4.8) Ti(eq;vb,) =04 € E,
where

k k
?1 . ‘IE(@ E) =F XTQ T(@ E) — E,
(eq,vb,) —  Ti(eq:Vb,) = €q

k
is the projection on the first factor E of TZ(d E).



k-SYMPLECTIC FORMALISM ON LIE ALGEBROIDS 11

k
The above definition implies that the vertical elements of T7%(® E) are of the form
k k
(0g,0p,) € TE(® E) = E xpq T(® E)
k k
where v, € T(® E) and b, €® E.

k
Now, taking into account the definition (41I), which determines the elements of T (&
E), the condition (£8) means that
Oq = qu%(qu) s

that is, the tangent vector vy, is 7-vertical.

, k k
In a local coordinate system (¢*,y3) on @ E, if (eq,vp,) € T#(P E) is vertical then
eq = 04 and

k
=ust—| €T, E).
Yo = YA by, € T O F)
Definition 4.3. For each A =1, ...,k we call the vertical A*"-lifting map to the mapping
k k k
VA Exg(@®FE) — TE(@E)=ExpqT(®E)

(4.9) (eq.by) — §VA(6q,bq) = <0q7 (%)KZ‘)

k k
where eq € E, by = (b, ..., by,) € E and the vector (eq)gj €Ty, (® E) is given by

d

(@10) (et =

Of(blq,...,bAq+seq,...,bkq), 1<A<Ek,

k
for an arbitrary function f € C*(@ E).

From (4I0) we deduce that the local expression of (eq)gj is the following:

0
411 (& Va _ @ €, ) ——
( ) ( Q)bq Yy ( q) ayjofl

k
€eh(®F), 1<ALE.
by

k
On (A1) let us observe that the vector (eq)gg € T, (® E) is 7-vertical. Then

k
£Y4(e,, by) is a vertical element of T%(& F).
From (£3), (£3) and (#II) we obtain that £¥4 has the following local expression:

0
(4.12) (e, bg) = (04, y%(eg)=—=| ) =y"(e)Vi(by), 1<A<k.
0y b,

Remark 4.4.

(i) In the standard case, that is, when E = T'Q) and prqo = idrg, we have that given
eq € T,Q and vy = (v, ..., U,) € T} Q one has

d
(eq)L/qA(f): % Szof(vlq7"'aqu+Seq7"'avkq)7 1§A§k7

that is, the A™- vertical lift to T}Q of the tangent vector e, € T,Q (see for
instance, [14], 36, [41]).

(ii) In the particular case k = 1 we obtain that &1 = ¢V : E xg E — TPE is the
vertical lifting map introduced by E. Martinez in [30].
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~ k
The Liouville sections. The A™-Liouville section A, is the section of ?kE : TE (@
&
k
E) —@® E given by
~ ok k k
AA D E — TE(@ E) =F XTQ T(@ E)

- , 1<A<Ek,
bq = AA(bII) = £VA (pTA(bq>7 bq) = £VA (bAq7 bq)

k k
where by = (big,...,bg,) €& E y pra :@ E — E is the canonical projection over the
k
Ath_copy of E'in @ E.
From the local expression (£.I2) of £V4 and taking into account that

ya(bAq) - y,ofl(blqv SRR} bkq) = yj(bfﬂ

we obtain that A4 has the following local expression

(4.13) Ay=) yavi, 1<A<k.
a=1

Remark 4.5. In the standard case, we obtain that each section A, turns in the following
vector field

Ay: 7@ - T(T;Q)
Vg = (Vig,-. - 0ay) = (UAq)“f;‘
that is with the A™-canonical vector field on T}}Q). o

In the standard Lagrangian k-symplectic formalism, the canonical vector fields A4, ...,
Ay, allow us to define the energy function. In analogous way, as we will see in the sequel,
we will also define de energy function using the Liouville sections Ay, ..., A, in the Lie
algebroid setting.

k
Vertical endomorphism on T%(® E). The second important family of canonical geo-

k - -
metric elements on T (@ E) is the family of vertical endomorphism J', ... J*.

k
Definition 4.6. For each A = 1,...,k we define the A" -vertical endomorphism on T¥(®
k
E)=EXxpqoT(® E) as the mapping

~ k k
J4: TE(@E) — TE(@E)

(4.14) 4
(eqv qu) = JA(eq’qu) - é’VA(eq’ be> )

k k
where eg € E, by = (biy,...,by,) €B E and vy, € Ty, (B E).

k
Lemma 4.7. Let {X,, VA} be a local basis of Sec(TE(D E)) and let {X*, V&} be its dual
basis.

Using this local basis, we obtain that the local expression of JA s given by the following
ETPTession.:

(4.15) JA=3"vieX, 1<A<k.
a=1
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(Proof) From (43]) and (AI2]) we obtain
T Xa(by)) = €"(eal9):bg) = y°(ealq))VA(by) = Vi(by) .

JA(VE(bg)) = £4(04,bg) = O, ,

k k
for each A,B=1,...,k, a =1...,m, where b, €® E is an arbitrary element of ® F. m

Remark 4.8.
(i) When one writes the definition of J LI J* in the particular case £ = T'() and
p = idrg one obtains the canonical k-tangent structure J*, ..., J* on T}Q.

(i) In the particular case k = 1 we obtain the vertical endomorphism S on T(TQ),
that is, on the prolongation of the Lie algebroid E over 7¢ : T'() — ). This
endormorphsim S was defined by E. Martinez in [31].

o

4.1.4. Second order partial differential equations. In the standard k-symplectic Lagrangian
formalism one obtains the solutions of the Euler-Lagrange equations as integral sections
of certain second order partial differential equations (SOPDE) on T} Q .

In order to introduce the analogous objet in the k-symplectic approach on Lie alge-
broids, now we are going to analyze the concept of SOPDE in the standard case. In this
case a SOPDE ¢ is a section of the maps

Tj’kaQ: THTIQ) — T'Q
(Viwgy -+ Vkw,) ™ Wy
and
T (75): T:(T;Q)  — T;Q

Y

(Ulwq> cet avkwq) = (qu (Tg)(vlwq)a s >qu(7—5)(vkwq))
where 75: TQ — @Q denotes the canonical projection of the tangent bundle of k'-
velocities.

k k
Returning to our case, we know that: (i) @ E and T¥(® F) play the role of T}Q and
T(T!Q), respectively; (ii) T} (T!Q) is the Whitney sum of k copies of T(T}Q). Then it

k
is natural to think that the Whitney sum of k copies of T%(& E), that is,

(TEL® E): = TE(S B)o k. oT5(& E),
will play the role of T} (T} Q).
Now, the natural question is: what are the maps playing the role of TEQ and T (7'5),
when one considers Lie algebroids?

Now we consider the following maps:

k k k k
™ (TE(@E)=Tf@E)s .*. ¢TE(@E) - ®&F
GFE
((a'lq> Ulbq)> RS (akq> Ukbq)) = bq
and
~k E\1 k — aqF k k E k k
m: (TG E) =T @ E)® .*. eT*(0E) — ®F

((a'lq> Ulbq)> R (a'kq> Ukbq)) = (a'lq> R akq)
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These two maps play the role of 7F, o and T, (75), respectively. In fact, when E = TQ
k
there exists a difeomorphism between T(T}Q) and TT9 (T} Q) given by, (see remark [£2),

T(T;Q) = TTL;Q) = (TQ) xrq T(1;Q) = T(T;;Q)
Uwq = (qu (TC]B)(,UWq)’ Uwq)
Thus
e The map
A TN = T — TH
corresponds to 7/, : Ty (T Q) — T;;Q since
k
2 0 Ty (5) 0100 0 (o () (W) b)) = w4
= Tjk“:le(Ulwq7“‘7vk’wq)'
e The map
o (TIOWTQ) = THTQ) — T.Q
identifies with T} (78) : T} (T} Q) — T;}Q since

7f\:lk((TWq (Tg)(vlwq>7 UIWq>7 ceey (qu (Tg)(vkwq)v Ukwq))

(qu(Tg)(vlwq)> s aTWq(TCIB)(,Uk’Wq)) = Tkl(Tg)(Ulwqa s >Ukwq) .
Remark 4.9. For simplicity we denote by (ag, vp,) an element

((a'lq> Ulbq)> R (akq> Ukbq))
k k k k
of (T¥)i(® E) = TE(® E)® .*. @T*(® E) where a;: = (ai,,...,ar,) €& E and
k
Vb, = (Vibys - Ukb,) € TH(® E). o
Now we are in conditions to introduce the object which plays the role of a SOPDE when
we consider an arbitrary Lie algebroid E. This object is also called SOPDE
k
Definition 4.10. A second order partial differential equation (SOPDE for short) on & FE
k k

is amap £: & E — (TE)L(® E) which is a section of 7% and 7+.

DF

k k k k
Since (TF)L(® E) is the Whitney sum TZ(d E)d 5. @TE(® F) of k copies of T¥ (& E),
we deduce that to give a section & of 7° is equivalent to give a family of k sections,
OE

k
1, ..., &, of the Lagrangian prolongation T7%(& E), obtained by projecting & on each
factor.

Next, we are going to characterize a SOPDE.

Definition 4.11. The set

Adm(E) = {(ag,vv,) € (TF)L® B) | F(ag, vi,) = 7 (ag, v,)}
(4.16) SF

k
= {(ag,vp,) € (TP)i(® E) [a; = by} .
15 called the set of admissible points.
k k
Proposition 4.12. Let £ = (&1,...,&) :@ E — (TE)LD E) be a section of 7% . The

SF
following statements are equivalent:
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(i) & takes values in Adm(E) .
(ii) & is a SOPDE, that is, T8 o & = idéE .

(iii) JA(Es) = Ay forall A=1,... k.
(Proof) From (.I6)) it is easy to prove that (i) and (ii) are equivalent. The equivalence
between (i) and (iii) is a direct consequence of the definitions of J4, A4 and ¢4, |

Using (#74) in Proposition FE12] one easily deduce that the local expression of a SOPDE
&= (&,...,&) is the following

4= yada + (€4)BVS
k
where (£4)% € C®( E).

k k
Proposition 4.13. Let £ = (£1,...,&) @ E — (TE)L(® E) be a section of 7% . Then
®F

(P (&) 07 (&) & B —T)(& E)

k
s a k-vector field on ® E. Let us remember that

o k k
P T (@ E)=ExpqT(®E)—T(d E)

k
denote the anchor map of the Lie algebroid T*(® E).

(Proof) It is a direct consequence of (vi) in Section L.1.2) |

In local coordinate we obtain
(4.17) p(€a) = piyia% + (fA)%% € X(® E) .
Definition 4.14. A map
n:R* —>é E
es called an integral section of the SOPDE &, if ) is an integral section of the k-vector field
(p"(&1), .-, p (&), associated to &, that is,

(1.19 ey = (5], ) - 1=a<k,

If n is written locally as n(t) = (n°(t), 7% (t)), then from (£LI7) we deduce that (IS is
locally equivalent to the identities,

87IZ _Qa i %
(4.19) 5|, = 1a)pa(Tn(t)) =7

= Eh(e).

k
where 7 :® F — () is the canonical projection.

k
4.1.5. Lagrangian formalism. Let L :& E — R be a function which we will call Lagrangian
function.

In this section, we will develop a intrisic and global geometric framework, which al-
lows us to write the Euler-Lagrange equations on a Lie algebroid, associated with the
Lagrangian function L. In first place we are going to introduce some geometric elements
associated with a Lagrangian L.
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Poincaré-Cartan sections. We now introduce the Poincaré-Cartan 1-sections
k k
@f PF — (TE(@ E))*
b, — @é(bq)
where ©%(b,) is defined by

Oi(b,): (T°( E)y, — E
Zn, = (eartny) — (O, (Zog) = (@™ DL (P, (Z0,)
Using the expression (Z.0) of dTE(éE) f with f = L we obtain:
(4200 (©))(by)Zs, = (dTE@E)L)bq((JA)bquq) = (77 (T, 2,) ) L

k k o~ k
where bq €D E, qu c [TE(@ E)]bq y pT((JA)bquq) S qu(@ E)
The Poincaré-Cartan 2-sections
Ak s « 5k «
VW PeE— T @E) AT @®E)*, 1<A<k
are defined as follows:
QL = —dTE(éE@Q L 1< A<k,
that is,
Qé(gla 52) - _de)é(gh 52)
= [pT(&)](04(&)) — [P (€)](04(&)) + 02 ([&1,&]7),

k _ _ k
where &, & € Sec(TE (D E)) and (p7, [-,-]") denotes the Lie algebroid structure of T% (&
E) defined in section 1.2

Next, we will establish the local expressions of ©4 and Q2.

(4.21)

k
Consider {X,, VB} a local basis of sections of Sec(T¥(& F)) and {X*, V¢} its dual

basis. Then from (4), (EI5) y (£20) we obtain
L
(4.22) @f:a—afxa, 1<A<k.
Y5

From de local expressions (A.3), (4.4), (£0), ([42I) and ([4.22)) we have for each A =
Lok

2 2 2
(4.23) Qf‘:1 Pl %La—pé (?LﬁJrG;ﬁa—% XA XP + %L XAV,
2 9q' 0y d0q' 0y, Y 0yp0YS

Remark 4.15.

(i) En the particular case K = 1 we obtain the Poincaré-Cartan forms of the La-
grangian Mechanics on Lie algebroids. See, for instance [8, [31].
(i) When E = TQ and prg = idrg, then

QMNX,Y)=w(X)Y), 1<A<k

where X,Y are two vector fields on TQ and w}, ... wF denote the Lagrangian
2-forms of the standard k-symplectic formalism defined by wit = —d(dL o J4),
being d the usual differential.
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k
The energy function. The energy function Ep :® E — R defined by the Lagrangian L
is

k
Ep = Z p;(AA)L - L,
A=1

and from (4.4) and (4.I3) one deduce that Ey, is locally given by
k
oL
(4.24) EL=> tiz=—L.
A=1 0y

Morphisms. For studying the concept of Euler-Lagrange equations and their solutions
on Lie algebroids, we need to show a new point of view of the solutions for the standard
Euler-Lagrange equations, which allows us to think a solution as a particular set of Lie
algebroid morphisms.

In the standard Lagrangian k-symplectic formalism, a solution of the Fuler-Lagrange
equation is a field ¢ : R¥ — @ such that its first prolongation ¢ : R¥ — T!(Q satisfies
the Euler-Lagrange field equations, that is,

SO (2 Yoo
oA le \ov' lsowy) — 9¢'

A=1
Let us observe that the map ¢ naturally induces the following Lie algebroid morphism

o) (t)

TRE —2> TQ

Rk—¢>Q

0 0
If we consider the canonical basis of section of Tk, { —}, then the first

oM otk

prolongation ¢ of ¢, can be written as follows:

0 0
M(t) = (T4 —) T —‘ .
¢ ( ) ( t¢(at1 t)’ ) t¢(atk t))
Returning to the case of Lie algebroids, the analog of a field solution of the Euler-
Lagrange equations is now a Lie algebroid morphism ® = (®, ®) between TR* and E

Rk?Q

~ k
Taking a local basis {e4}%_; of local sections of TR*, one can define a map ® : R* —® E
associated to ® and given by

k
O:RF - PE=E®.* ®&F

t — (Dler(t)),..., Dlex(t))) .

Let (t4) and (¢') be a local coordinate system on R* and Q, respectively. Let {e4} be
a local basis of sections of mpr and {e,} be a local basis of sections of E, we denote by
{eA} and {e“} the dual basis. Then ® is determined by the relations ®(t) = (¢'(t)) and
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Pre = ¢%e? for certain local functions ¢! and ¢4 on R¥. Thus, the associated map d is

locally given by ®(t) = (¢i(t), ¢%(t)).
In this case, the conditions of Lie algebroid morphism (B.6) are written as

: 0¢' 03 0%

4.2 LG = = —
( 5) pa¢A atA ) 8153 atA

Remark 4.16. In the standard case where E = T'() the above morphism conditions
reduce to

+ €5, 050% -

i _ 09’ 0¢y _ 09y
T A
Therefore, in the standard case, by considering morphisms we are just considering the
first-order prolongation of the fields ¢ : R* — Q. o

k
The Euler-Lagrange equations. Consider a given regular Lagrangian function L: &
E — R. The field equations are obtained as follows:

We look for the solutions & = (1, ..., &) of the equation

k k
(4.26) D 1, Qf =dT P g
A=1

k
Notice that each &4 is a section of the Lagrangian prolongation T7(® E) and thus, &
k k k k
is a section of (TE)L(® E) = TF(® E)® k. @TE(® E) - E.

. k
Using a local coordinate system (q*,y%) on @ E an a local basis {e,} of Sec(E), each
&4 is locally given by

Ea=EGX, + (£4)2VE.

Then, using this local expression and from (&6]), (£23) and ([@24]) we obtain that the
equation (L20) is locally expressed as follows:

. 0L . O%L oL *L : 9’L 0L
(o Ll PL e OLY e _ (2L oy
AT dgioy P oqioys " Poy) ( )Baygayg Yogay;  Od
co d*L o 0°L
AT BA o = Ya :
8yg8yf‘4 8yg8yf‘4
Since L is regular, that is the matrix ( 8;‘)128[;/ ) is regular, the above equations can be
A~YIB

written as follows

0L 0?L 0L oL
ﬁ 7 5 () ﬁ Y
Y — + (€ = pors T YACh 7
(4.27) A5 gy (A)Bayjayg Peag Iy
& = yi-

Therefore £ is a SOPDE.

~ k
Let ®: R¥ —@® E the associated map to a Lie algebroid morphism ®: TR* — E.
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If B(t) = (¢°(t), ¢%(t)) is an integral section of the SOPDE ¢ solution of ([@26) then
from the condition (EI9) of integral section and the equations (£.27)) we obtain

¢’ | L 0} ‘ _ GO e 9L
ot 1t dq' oy |3 oA tayAay N O‘(‘?q A ﬂa@ 0 ’
a¢2 [ANeY
at—A ¢ - pa¢A(t> )
04 0% N
0 = S| - SE| +esenma)

where the later equation is a consequence of the morphism condition ([£25]). The above
equations can be written as follows:

SO (DL N Lok OL)
Zeom \oyslaw) — oglew ¢ ﬂaa 7
4.28 ¢’ o
( ) 6? . = Pa¢A(t) )

9% | _ 99%

— &}
e R ACTOR

Notice that if E is the standard Lie algebroid T'() then the above equations are the
classical Euler-Lagrange equations in field theories for the Lagrangian L : T}!Q — R.
Thus, in the sequel, (Z28) will be called the Euler-Lagrange equations for field theories
on Lie algebroids.

Remark 4.17.

(i) The equations (A28)) are obtained by E. Martinez from a variational approach in
the multisymplectic framework, see [33].
(ii) If one rewrite the above equations in the particular case, k = 1, one obtain the
Euler-Lagrange equations on Lie algebroids given by Weinstein in [47].
(iii) When E = T'Q), the equations (£28)) coincides with the Euler- Lagrange equations
of the Giinther formalism, [36].

The results of this section can be summarized in the following

k

Theorem 4.18. Let L : R¥ —@ E be a reqular Lagrangian and &1, ..., & be k sections
k k

of?éE: TE(® E) —»® E such that

k iy
> e, =d7CPE,
A=1
Then:

(i) £ = (&, ..., &) iS a SOPDE.

~ k
(i) Let ® : R* =& E be the map associated with a Lie algebroid morphism between

TR* and E. If d is an integral section of &, then it is a solution of the Fuler-
Lagrange equations for field theories on Lie algebroids ({4-28).

Remark 4.19. If we rewrite this section in the particular case k = 1, we reobtain the
Lagrangian Mechanics on a Lie algebroid. (See section 3.1 in [§] or section 2.2 in [19]). ¢
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As a final remark in this subsection, it is interesting to point out that the standard
Lagrangian k-symplectic formalism is a particular case of the Lagrangian formalism on Lie
algebroids, when £ = T'Q), the anchor map prq is the identity on 7T'Q) and the structure
constants are C}; = 0.

In this case we have:

k
The manifold & E identifies with T!Q, T79(T;}Q) with T(T}Q) and (T7%),(T}Q)
with THTLQ).
k
The energy function Ey, : TQ — R is given by Fj = Z A4(L) — L where Ay
A=1

are the canonical vector field on T}!@Q. We have explained how to obtain this
vector fields in Remark .

k k
A section € :® E — (TF)L(® E) correspond to a k-vector field & = (£y,...,&)
on T}Q, that is, ¢ is a section of T:,Ile :THTIQ) — TLQ.

k
A SOPDE ¢ is a k-vector field on T;}Q which is a section of T} (1) : T} (T} Q) —
T!Q.
Let f be a function on T}}@Q then
Q1
A7 RQS(Y) = df (V).

where df denotes the standard differential and Y is a vector field on T} Q.
It is satisfies that

QHX,Y) = wi(X,Y), A=1,...k
A

where wi', A=1,...,k are the Lagrangian 2-forms of the standard k-symplectic
formalism given by wit = —d(dL o J*4).
Thus, in the standard k-symplectic Lagrangian formalism, the equation (4.26])
can be written as follow:
k

Z 23 Awf = dEL i

A=1
that is, this equation is the geometric Euler-Lagrange equations in the standard
k-symplectic Lagrangian formalism.
In the standard case a map ¢ : R¥ — @ induces a Lie algebroid morphism (7'¢, ¢)
between TR¥ and T'Q). In this case, the associated map ® of this morphism is the
first prolongation ¢M) of ¢ given by

B(t) = (To( J

s To(==]))-
ot! t)’ ’ (atk t))
Let us observe that ® = ¢() (see 22).

Thus, from the Theorem [Z.I8 and the above remarks, we deduce the following corollary
which summarizes the standard Lagrangian k-symplectic formalism, see [14) [36] [41].

Corollary 4.20. Let L : T} Q — R be a reqular Lagrangian and § = (&1, ..., &) a k-vector
field on T}Q such that

Then:
(i)

k

LA
ZZ§AwL =dEby .
A=1

& 1S a SOPDE
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(i) If P = &M is an integral section of the k-vector field &, then it is a solution of
the Euler-Lagrange field equations in the standard Lagrangian k-symplectic field

theories given by
oL
&) O

ia‘<m
Al \ 9,0
— ot e \ ov'y
4.2. Hamiltonian formalism. In this subsection we will develop the Hamiltonian k-
symplectic formalism on Lie algebroids, in an analogous way that in the standard case

(g o @)

L @) = =5

B(t)

Let (E, [, ]E, pr) be a Lie algebroid over a manifold ). For the Hamiltonian approach
we consider the dual bundle, 7% : E* — @ of E.

4.2.1. The manifold é E*. The standard k-symplectic Hamiltonian formalism develops
on the bundle (T} )*Q of k'-covelocities of @, that is, the Whitney sum of k copies of T*Q.
Passing to Lie algebroids E as a substitute of the tangent bundle, its natural to think
that the analog of (T})*@ is the Whitney sum over Q of k copies of the dual space E*.

We denote by
6B =E'o. b aF,
the Whitney sum of k copies of the vector bundle E*, the projection map
P B Q,

given by 7*(ast, ..., a5 ) =q

If (¢°,y,) are local coordinates on (7*)~*(U) C E*, then the induced local coordinates
(¢*,y?) on (7)~1(U) Qé E* are given by

¢lar,....af) =q'(q), wila’,. .. a8) =yalai).

4.2.2. The Hamiltonian prolongation. For the description of the Hamiltonian k-symplectic
formalism on Lie algebroids we consider the prolongation of a Lie algebroid E over the

k
fibration 7: @& E* — @, that is, (see Section B.4),
k k .,
(420)  TEE ) = {(cgvm) € E x T(& %)/ pile) = T(F)(w;)}

Taking into account the description of the prolongation T% P, (see for instance, [8),19,30]
or section 34 in this paper), on the particular case P = E*® .*. ®E* we obtain:

k k k
(i) TE(® E*) = E x7¢ T(® E*) is a Lie algebroid over & E* with projection

N ok k k
Tk T(@E)=ExrT(® E*) —& E”

and Lie algebroid structure ([-,-]7, p” ) where the anchor map

T* k * Ek * k *
pr =ExpoT(@E"): T*(@® E")—=T(¢ EY)

is the canonical projection over the second factor.
We refer to this Lie algebroid as the Hamiltonian prolongation.

. k
(ii) If (¢*,y?}) denotes a local coordinate system of & E* then the induced local

k k
coordinate system on T%(&® E*) = E x7q T(® E*) is given by

0T LA, 130
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where
¢'(eqsvm:) = ¢'(q), yi(eqvn:) = ya(bh),
zo‘(eq,vb;) = y(eg) wé(eqavb;) = Ub;(yé)‘

(iii) The set {X,, V4 } given by

(4.30)

k k k
Xo: ®E* — TE@E*) = ExpoT(®E”)

by o X)) = (caldin @], )

b;
(4.31)
k k k
Ve: @ E* — TP(@E*) = ExpT(® E*)
0
b; = Vi(b;) = (qu 8yA b*)7

k
is a local basis of Sec(T¥(® E*)) the set of sections of %E*’ (See (B.7)).

~ k k
(iv) The anchor map p” : TE(® E*) — T(® E*) allows us to associate a vector field
k k
to each section £: @ E* — TE(® E*) of 7,

OE*
Locally, if ¢ writes as follows:

A o
E=E"Xq +E5VG € Sec(TH( E™))
then the associated vector field has the following local expression, see (B.8]),

O R RN
(4.3 PO = A g SO E).

(v) The Lie bracket of two sections of 'fé o is characterized by the following expres-
sions (see (B.10)):
(433) [0, Xol™ = €%, [Xa, VIIT =0 [V5, V37 =0,

(vi) If {X*, V4} is the dual basis of {X,, V4}, then the exterior differential is deter-

mined by, (see ([B.11))),

ko 0 0 k
dTE (@B 'fo= P fxo‘ + —];Vé, for all f € C*(d E¥)
(4.34) ) da Oy .

k
Remark 4.21. In the particular case E = TQ the manifold T¥(®& E*) turns into
T((T})*Q).The proof is similar to remark £.2] o

k k

4.2.3. The vector bundle T¥(®& E*)® k. &T¥(d E*). In the standard k-symplectic
Hamiltonian formalism one obtains the solutions of the Hamilton equations as integral
sections of certain k-vector fields on (T})*Q, that is, certain sections of

T(kal)*Q: T, (T;)"Q) — (T;)'Q.
Thinking on a Lie algebroid E as a substitute of the tangent bundle, we know that
k
TE(@ E*) plays the role of T((T})*Q). Thus it is natural to choose the Whitney sum of
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k
k copies of T¥ (@ E*), that is, the manifold
k k k
(TN D E*): =T8(@ BN .*. oT¢ (@ E)
plays the role of
T:(T)Q) =T((T) Q)@ b oT((T;,)'Q) -

k k
We denote by 7% : (TF)L(d E*) —@® E* the canonical projection given by
SE*
’%gE*(Z,},Z,...,Z{;Z) =b;,
k
where Zﬁ‘z = (aAq,va;) ceTE(@E*), A=1,... k.

Now, we consider a section & of 7F . Next we will prove that there exist a k-vector
QE*

k
field on ¢ E* associated to each section &.
Notice that to give a section

k * N1 k * B k * k E k *
£ BE" = (T7)(@EN))=T(® E")® . k. ¢T"(® E¥)
k
of 78 is equivalent to give k sections, &, ..., & of the Hamiltonian prolongation T% (&
SE*
k
E*), obtained by projection ¢ on each factor 7€ (¢ E*).

Proposition 4.22. Let £ = (¢1,...,&%) be a section of 7F . Then
GE*

(P (&) P (&) & E* — TMN& E”)

k ~x

is a k-vector field on ® E*. Let us remember that the mapping p™ is the anchor map of
k

the Lie algebroid TX(® E*).

(Proof) Is a direct consequence of (@32 and the above remark. |

4.2.4. Hamiltonian formalism. Let (E,[-,]g, pr) be a Lie algebroid on a manifold @ and

k
H:® F* — R be a Hamiltonian function.

In this subsection we will develop the k-symplectic Hamiltonian formalism on Lie alge-
broids. Morevover, we also describe the standard k-symplectic Hamiltonian formalism as
a particular case of the formalism developed here.

First, we define certain type of sections of the dual of the Hamiltonian prolongation

k
TE(® E*), which play the role of the Liouville forms in the standard case.

The kLiouville %ections. We are called Liouville 1-sections to the sections of the bundle
(TE(® E*))* —® E* defined as follow:

k k

* A
bq [ — @bq*

1<A<E

Y

where ©7!. is the function given by
q

k
(4.35) Oy (THOEp, — R

(egsvby) +— Gﬁq*(eq,qu*) =bj (eq) ,
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k k
for each e, € B, b} = (bi,,...,by,) €& E* and Vb € qu*(@ E™).
Now we define the 2-sections
A k * E k *\ ) * E k *\ ) *
Qe FE = (T @ E))* ANT@E)", 1<A<k
by

0A — _dTE(éE*)@A

Y

k * . . . . . k
where d7"(®F") denotes the exterior differential on the Lie algebroid TF (& E*), see (d34).
Next we will write the local expression of the sections ©4 and Q4.

k
Let {X,, V3} be a local basis of Sec(T?(& E*)) and {X4, VE} its dual basis. Then
from (£31)) we have

(4.36) =) yix?, 1<A<k.
=1

Thus, from [@32), (£33)), (E34) and ([E36) we obtain the local expression of Q4, that
is,
1
(4.37) QA:Zf)Cﬁ/\Vg—kﬁZvayg“xﬁ/\xV, 1<A<k.
B B,1,6
Remark 4.23.

(i) In the particular case k = 1 the Liouville sections introduced here are the Liouville
sections on Mechanics on Lie algebroids, see E. Martinez, 8] [31].
(i) When E = TQ and prg = idrg, then

QNX,Y) = (X, Y), 1<A<Ek

where X, Y are vector fiels on (T}})*Q and w?, ..., w* are the canonical 2-forms
of the standard k-symplectic Hamiltonian formalism.

The Hamilton equations.

k
Theorem 4.24. Let H :® E* — R be a Hamiltonian and
L. B\t ey B B ek gk .
E= (&, ,8) @ E = (THO(SE)=T (@ EY)a k. T (@ EY)

k
a section of TF , or equivalently, k sections of the Hamiltonian prolongation, T¥(® E*),
DE*

such that
k

k
(4.38) D 1, 0 =dT O g

A=1

k
If v : R¥ —@ E* is an integral section of &, then v is a solution of the following system
of partial differential equations

o' . OH ok OH  ,0H
(4.39) Vo8 and Z Vo :—<€iﬁ¢f yg+ . )

=0 —— + Pl —
A a9, A o
ot Ay = 0 dq
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Remark 4.25. In the particular case E = T'Q) and p = idrq, the equations ([L2Z4) are
the Hamilton field equations. Therefore these equations (2.4 are called the Hamilton
equations on Lie algebroids. o

(Proof) Let

k
£= (... &) © B* — (TO)L(® E7)
be a section of 7F  such that (£38) holds.

OE*
k k
Consider {X,, V%}, a local basis of sections of %E* : T¥(® E*) —@ E*, then each
&a, A=1,... k can be written as follow:
(4.40) Ea = E3Xa + (E)5V5
From (£34), (£37) and (440) we obtain that (438)) is locally expressed as follow
N OH
T o
4.41
(4.41) i(ﬁf— o o O oW
= Ala — ﬁyé aC paaq

k .
Next, let ¢ : RF —@ E*, 4(t) = (¢(t), ¥/ (t)) be an integral section of &, that is, 1

o~ % ~ % k
is an integral section of (p7 (£),...,p" (£)) the k-vector field on & E* associated to &.
Thus the following expressions holds:

o’ g
(4.42) Ehnly = aﬁ , (€a)5 6T£'

Finally, from (4.41]) and (4.42)) we deduce that 1 satisfies the following system of partial
differential equations.

ot OH | ouh LOH  ,0H
OtA _%pa and Z OtA - ( a@% a A paaq

Remark 4.26.

(i) When E = T'Q and prg = idrg the equation (£38)) is the geometric version of
the Hamilton field equation in the standard k-symplectic formalism. This fact
will be explain after.

(ii) In the particular case k = 1, this theorem summarized the Hamiltonian Mechanics
on Lie algebroids, see section 3.2 in [§] or section 3.3 on [19].

o

As a final remark in this subsection, it is interesting to point out that the standard
Hamiltonian k-symplectic formalism is a particular case of the Hamiltonian formalism on
Lie algebroids. In this case £ = T'Q and pg = idrg as we have comment in the point (7)
of the remark We have:

e The manifold & E* is identified with (T}')*Q; T79((T1)*Q) with T((T})*Q); and
(T (1) *Q) with TH(T)*Q).
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A section

k * AN k *
@D E" — (T7)(d E7)
corresponds to a k-vector field & = (&;,...,&) on (T})*Q, that is, £ is a section
of i ¢ TH(TL) Q) — (T1)"Q.
e Let f be a function defined on (7})*Q@ then

(d™CF F)(Y) = df (V)

where df denotes the usual differential and Y is a vector field on (T}})*Q.
o It is satisfies that

ONX,Y)=wX)Y) (A=1,... k)
where w?, A =1,..., k are the canonical k-symplectic 2-forms on (T}})*Q.

e Thus, in the standard Hamiltonian k-symplectic formalism the equation (Z38)

writes as follow: .

Z 1w = dH .
A=1
As consequence of the Theorem and the five above remarks, we reobtain the
standard Hamiltonian k-symplectic formalism, which can be summarized in the following

Corollary 4.27. Let H : (T})*Q — R be a Hamiltonian formalism and & = (&1, ..., &)
be a k-vector field on (T})*Q such that

k
Zz§AwA =dH.
A=1

If ¢ RF — (TH*Q, ¥(t) = (Yi(t), v (t)) is an integral section of &, then is a solution
to the Hamilton field equation in the standard k-symplectic formalism, that is,

k A ;
oY oH 0 OH

4.43 ) a i A _ |
( ) A=1 8tA t 3ql () atA t ap‘:l P(t)

1=1...,n.

4.3. The Legendre transformation and the equivalence between the Lagrangian
and Hamiltonian k-symplectic formalism on Lie algebroids. In this section we
introduce the Legendre transformation on the k-symplectic framework on Lie algebroids
and we establish the equivalence between the Lagrangian and Hamiltonian formulation
when we consider a hyperregular Lagrangian, This fact extends the analogous results of
the standard case.

k k k
Let L :® E — R be a Lagrangian function and ©4: & E — [TE(® E)* , (4 =
1,..., k) be the Poincaré-Cartan 1-sections associated with L, which was defined in (£20).

Definition 4.28. We introduce the Legendre transformation associated with L as the
smooth map

k k
Leg:d E - E”

defined by
Seg(by,, ... by,) = <[£eg(b1q, b [Sea(by, .,bkq)]k>
where g
[Ceg(br,, ..., b)) (eg) = £L(b1q, ooy bagtseq o by,) o

being eq € Ey.
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En other words, for each A we can write
(4.44) [Ceg (b, ..., b)) (eg) = O (br,, ..., b, )(Z),

k
where Z is a point in the fiber of (T#(® E)),, over the point

b, = (bi,, ..., bg,) Eé E
such that
T(Z) = ¢
being
o ‘.TE(@ E)=FE xrq T(é E)—E
is the projection over the first factor. Therefore Z is of the form Z = (eq, vy, ).

The map Leg is well-defined and its local expression is

, . 0L
Eeg(ql7y,a4) = (qz7 @) .
A

From this local expression it is easy to prove that the Lagrangian L is regular if an only
if Leg is a local diffeomorphism.

Remark 4.29. When F = T'Q) the Legendre transformation defined here coincides with
the Legendre transformation introduced by Giinther in [14]. o

The Legendre transformation, £eg, induce a map

k k k k
TELeg: TF(@O E)=ExrqT(DFE) —» T¥ (@ E*) = E xpq T(® EY)
defined as follow
TEeg(eq,n,) = (€4, (£68).(by)(01,) )
k k k
where ¢, € E;, b, €& E y (eq,vp,) € TE(® E) = E xpq T(® E). Notice that the
following diagram is commutative

k Leg k
o L

and thus T Leg is well-defined.

k k
If we consider local coordinates on T¥(® E) (resp. TE(® E*)), see (L) and (£30),
the local expression of T£eg is
L . O0°L 5 O’L

4.45 TE Leg qi,yo‘,za,wﬁ = (¢, =——, 2%, 2°pl,— +wp—).

k
Theorem 4.30. The pair (T¥ Leg, Leg) is a morphism between the Lie algebroids (T (D
~ ~ k ~x ~x
E), o7 [ 17) and (TE(® E*), p" ", [-,-]7). Moreover, if ©F and Q3 (respectively, ©4 and
k
O4) are the Poincaré-Cartan 1-sections and 2-sections associated with L: & E — R

k
(respectively, the Liouville 1-sections and 2-sections on T¥(® E*)), then

(4.46) (T Leg, Leg) 0t =07, (TFLeg, Leg)* Q' =Qff, 1< A<LE.
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(Proof) Firstly we have to prove that (7% Ceg, £eg) is a Lie algebroid morphism.

TE Leg

k k
TE(® E) TE(® E7)
] i

k Leg k
oL e E*

Suppose that (¢") are local coordinates on @, that {e,} is a local basis of Sec(E) and
denote by {X., VA} (respectively, {Ya, U%}) the corresponding local basis of sections of

~ k k - k k
Ty TE(® E) —@ E (respectively, Tk TE (@ E*) —d E¥).
Then, using (B.5), (£.0) and ([4.45), by a straightforward computation we deduce that
2 “(Yo) = xo 2 A = g7 Em) (9L
(447) (‘T gegugeg) (y ) =X ) (‘T £€g,£€g) (uoz> =d a—a ’
Ya

for each @ = 1,...,m and A = 1,... k where {X% V%} and {Y*, U4} denotes the dual
basis of {Xa, V4} and {Y,, US} respectively.
Thus, taking into account this identities, from (6] and (£34]) we conclude that

k k

(TELeg, Leg)* (AT CFIf) = d77EB)(fo Leg)
k k

(TE Leg, Leg) (AT EFIYe) = T ED((TELeg, Leg)*Y®)
k k

(TP Leg, Leg)* (7 @FIUL) = a7 D) (TP Leg, Leg) UL)

k
for all function f € C*(® E*) and for all a and A.

Consequently, the pair (T¥Leg, Leg) is a Lie algebroid morphism
Next we will check that (T Leg, Leg)*©4 = ©4 holds.

From (31), (£35) and (444 we obtain:
(T Leg, Leg)* O, (€q:vb,) = Oy, (€q: (£28).(bg)(vp,))
= [Leg(by)]"(ey) = 07 (by) (g, b, ) -

Finally, since (TFLeg, Leg) is a Lie algebroid morphism and taking into account the
last identity we deduce that:

(T2 Ceg, Leg)" QA = Q.
|

Remark 4.31. In the particular case £ = 1 this theorem corresponds with the Theorem
3.12 of [19].

In the case £ =T and prg = idpg this theorem establishes the relation between the
Lagrangian and Hamiltonian forms in the standard k-symplectic approach. o

Next, we will assume that L is hyperregular, that is, Leg is a global diffeomorphism. In

i
this case we may consider the Hamiltonian function H: & E* — R defined by

H = Epo(Leg)™",
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where Fp es the Lagrangian energy associated with L given by ([£24). Here (Leg)™! is
the inverse of the Legendre transformation

k Leg™! g
b E* e F
AN
AN
N
Er
H>
Q
R

Lemma 4.32. If the Lagrangian L is hyperreqular then TF Leg is a diffeomorphism

(Proof) The condition L hyperregular means that Leg is a global diffeomorphism, that
is, there exists its inverse map

Leg™h: é E* —é E.
We define the inverse map to T £eg as the mapping
(TE Leg) ™" - ‘.TE(é E*) — ‘IE(é E)
given by
(T72eg) ™ (ags v;) = (0, (Se57).(B]) (017

k k k
where a, € E, by €® E* and (ag, vpy) € TH(® E*) = E xrq T(® E*).
Therefore, T Leg is a diffecomorphism. [

The following theorem establishes the equivalence between the Lagrangian and Hamil-
tonian k-symplectic formulation on Lie algebroids.

Theorem 4.33. Let L be a hyperreqular Lagrangian. There is a bijective correspondence
k
between the set of mapsn : R¥ —@& E such that 1 is an integral section of a solution &1, of

k
the geometric Euler-Lagrange equations (.20 and the set of maps 1 : R¥ —& E* which
are integral sections of some solution &y of the geometric Hamilton equations (1.38).

(Proof)

The proof is similar to the standard case, see [46]. An outline of the proof is the
following:

k k
Let &, = (&4,...,&8) @ E — (TF)L(® E) be a solution of the geometric Euler-
Lagrange equations on Lie algebroids (.26, then & = (€L, ..., &) where each

& = TPLeg oy o (Leg) ™
is a solution of (£38§)).

k
Moreover, if n : R¥ —® E is an integral section of &r, = (€L,...,&%), then

Lk
Legon:RY —d E”
is an integral section of £ = (Ek, ..., EN) being

€ =T Cego bt o (Leg)

The converse is proved in a similar way. [ |
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Remark 4.34. If we rewrite the results of this subsection in the particular case k = 1 we
obtain the equivalence between the Lagrangian an Hamiltonian Autonomous Mechanics
on Lie algebroids, see for instance [§].

When E = T'Q) and prqg = idpg, we obtain the equivalence between the Lagrangian
and Hamiltonian formulation in the standard k-symplectic framework, see [46] o

5. EXAMPLES

Harmonic mappings. ([6] 5, 44, 48]) Here, we consider harmonic mappings ¢ : R*? — G
with values in an arbitrary Lie group G with bi-invariant metric (-, -). In the continuous
case (see [44]), the harmonic mapping Lagrangian is given by

1 1
(5.1) L(¢, ¢z, y) = §<¢_1¢x7¢_l¢x> + §<¢_l¢ya ¢y,

where (-, -) is the Killing form on g and ¢, ¢, denotes the partial derivatives of ¢ respect
to the local coordinates (x,y) of R? . The associated field equations are 7(¢) = 0 where
7(¢) is the tension of ¢, defined as

; P’ ¢’ o¢7 D" . .
(o) = LAB (8tA8tB _FZB{%C +€]k8t‘4 (9153) , i=1,...,dimG,

where hap are the components of a metric on R?, with Christoffel symbols ' and el
are the Christoffel symbols of the bi-invariant metric on G. In our case, hap is of course
just the flat Euclidian metric.

We will only treat the case of the harmonic maps that take values in G = SO(3),
embedded in gl(3), in which case the Killing form (-,-) is just the trace

(€, m) = —trace(§n) .
Let us observe that in this case, the Lagrangian (5.0J) is represented as a function
L:TSO(3)® TSO(3) — R defined on T} (SO(3)).
Taking into account that Ty (SO(3)) = SO(3)xs0(3) xs0(3), we make the identifications

T,(80(3))/50(3) = s0(3) x 50(3)

and we consider the projection [ of L to s0(3) x s0(3) given by

l61,6) = —5trace(&) — Jtrace(@), &, € s0(3).

Let {E1, Es, E3} be a basis of s0(3), then & = y*E,, ¢ = 1,2 and thus, [ is locally given
by

3
Wyt ys) Z )

a=1

Since a Lie algebra is a example of a Lie algebroid we can apply the theory developed
in Section 1] and thus the Euler-Lagrange (£28)) equations are given, in this case, by

ayl 892 _
o T T 0
0yf{ a?/B

oib ~gpa * Chai = 0

(a=1,2,3; A=1,2)
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Poisson sigma model. Consider a Poisson manifold (@, A). Then the cotangent bundle
T*@ has a Lie algebroid structure, where the anchor is

p: T"Q — TQ
g = AB)
and the bracket is
[0, B] = 1p(0ydB — 1p(5)dex — dA (e, B) .
In local coordinates, the bivector A has the local expression

1,...0 0
A=-AYV— N —.
2 8q’/\8q9

We can consider the Lagrangian for the sigma Poisson model as a function defined on
T*Q @ T*Q. Thus if (¢*,p!, p,) denotes the local coordinates on T*Q & T*Q, the local
expression of the Lagrangian is (see [32])

1.
L:—§A9pilp?.

A long but straightforward calculation shows that the Euler-Lagrange equation (Z.28])
are in this case

EAU apf — apll —aAklppo =0
2 \ott o Og R ’
9q' ij, A

1A + Ap; =0,

op;  Op;  OAF |,
o o T ag DT
In view of the morphism condition, we see that the first equation vanishes. Thus the field
equations are just

Y

aqi ij, A
0p? . apzl OAM 1,2

ot oz | ag TR
where a solution is a field ¢ : R? — T*Q ® T*(Q, locally given by

o(t) = (¢'(t), i (t), pi (t)).

Consider the 1-forms on R? given by P; = pjdt' 4 pidt® (j = 1,...,n), then the above
equations can be written as

:(:)7

de? + N*P, =0
1
dP;+ SAGP A PL =0,
that is the conventional form of the field equations for the Poisson-sigma model [43]

Remark 5.1. Poisson sigma models were originally introduced by Schaller, Strobl, [42],
and Ikeda [I6] so as to unify several two-dimensional models of gravity and to cast them
into a common form with Yang-Mills theories. o
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Systems with symmetry. We consider a principal bundle 7 : Q — Q = Q/G. Let
A : TQ — g be fixed principal connection with curvature B : TQ ® TQ — g. The
connection A determines an isomorphism between the vector bundles TQ/G — Q and
TQ ®g — Q where g = (Q x g)/G is the adjoint bundle (see [7]):

[vg] & Ty (vg) ® (¢, A(vg))]

where v; € T;Q. The connection permits us to obtain a local basis of sections of
Sec(TQ/G) = X(Q) ® Sec(g) as follows. Let ¢ be the identity element of the Lie group G
and assume that there are local coordinates (¢'), 1 <4 < dim @ and that {¢,} is a basis
of g. The corresponding sections of the adjoint bundle are the left invariant vector fields

L
E2(9) = TeLy(&a)
where L, : G — G is the left translation by g € G. If

A( c ) - A%,
G (g,0)

then corresponding horizontal lift on the trivialization U x G are the vector fields

oN" 0 .
(aqz) - an - Az é-a

{(ai)f}

are by construction G-invariant and therefore, they constitute a local basis of sections
{ei,eq} of Sec(TQ/G) = X(Q)@®Sec(g). Denote by (¢, 3", y*) the induced local coordinates
of TQ/G. If €, are the structure constants of the Lie algebra

B < az ’i‘ ) - ngga
9G" (g.0) O (g,0)

o 0A7 04

Yoog Og
then the structure functions of the Lie algebroid TQ/G — @ are determined by the
following relations (see [19]):

The set

where

— e ArAl

leisejlrgie = —Bijee
[e:, 6a]]TQ/G = eZbA?t?c
[ea, 6b]]TQ /G = Capee

0
pTQ/G(ei) = aq

pTQ/G(ea) = 0.
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ko
Now, consider a Lagrangian function L :® TQ)/G — R then the Euler-lagrange field
equations are:

dtA (ayi‘) aqz + z]yCayé ab* i Ca
d (0L oL oL
— | — = Ab — Co Yt —
th (ayZ) yC’a c Gabycayg
o — i _ %
otB ot
oys  Oy§ c a

In the case when @ is a single point, that is Q = G then TQ/G = g and then the

k
Lagrangian is defined as a function L :® g — R and then the previous equations are
reduced now to

d (oL . , 0L
dtA \oys ) Cabycﬁ &
ay,cél ayB c
0 = OB - 8tA +Gab AyB

which are a local expression of Euler-Poincaré equations, see for instance [6] and [32].
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